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Abstract

In this paper, we study McKay’s E~ observation on the Baby Monster. By
investigating so called derived ¢ = 7/10 Virasoro vectors, we show that there is a
natural correspondence between dihedral subgroups of the Baby Monster and certain
subalgebras of the Baby Monster vertex operator algebra which are constructed by
the nodes of the affine Fy diagram. This allows us to reinterpret McKay’s FEr
observation via the theory of vertex operator algebras.

For a class of vertex operator algebras including the Moonshine module, we will
show that the product of two Miyamoto involutions associated to derived ¢ = 7/10
Virasoro vectors in certain commutant vertex operator algebras is an element of or-
der at most 4. For the case of the Moonshine module, we obtain the Baby monster
vertex operator algebra as the commutant and we can identify the group gener-
ated by these Miyamoto involutions with the Baby Monster and recover the {3,4}-
transposition property of the Baby Monster in terms of vertex operator algebras.
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1 Introduction

The purpose of this article is to give a vertex operator algebra (VOA) theoretical interpre-
tation of McKay’s E7 observation on the Baby Monster. The main idea is to relate certain
substructures of the Moonshine VOA V¥, whose full automorphism group is the Monster
M [B, FLM], to some coset (or commutant) subalgebras related to the Baby Monster. In
ILYY1, LYY2, LM], McKay’s Eg observation on the Monster has been studied in detail
using the correspondence between 2A involutions of the Monster and simple ¢ = 1/2
Virasoro vectors in the Moonshine VOA V¥ [C, Mi2]. It is established that there exists a
natural correspondence between the dihedral groups generated by two 2A-involutions of
the Monster and certain sub-VOAs of V# which are constructed naturally by the nodes of
the affine Fyg diagram. It turns out that under some general hypotheses [S], the dihedral
subalgebras (cf. Section 1.1) associated to the affine Eg diagram exhaust all possible cases.

Therefore, the nine algebras associated to the Eyg diagram are exactly the nine possible



subalgebras of V¥ generated by two simple ¢ = 1/2 Virasoro vectors.

In this article, we will study the E; observation. We first observe that the Baby Mon-
ster acts naturally on a certain commutant subalgebra VB? of the Moonshine VOA V¥
which is called the Baby Monster VOA (cf. (5.1)). This observation leads us to study
the commutant subalgebra of a simple ¢ = 1/2 Virasoro vector in some 2A-subalgebras
and certain ¢ = 7/10 Virasoro vectors, which we call derived Virasoro vectors (cf. Def-
inition [3.5), in VBf. We show that there exists a one-to-one correspondence between
2A involutions of the Baby Monster and derived ¢ = 7/10 Virasoro vectors in VB® (see
Theorems 5.9 and 5.13). The main result is a connection between the dihedral groups
of the Baby Monster and certain sub-VOAs constructed by the nodes of the affine F;
diagram in Theorem 5.18. In addition, we show that one can canonically associate involu-
tive automorphisms to derived ¢ = 7/10 Virasoro vectors (see Lemma 2.5), which we call
o-involutions, and they satisfy the {3, 4}-transposition property under certain hypotheses
satisfied by a class VOAs containing the Baby Monster VOA VB* (see Proposition[3.11/in
Section [3.2). In order to study the dihedral groups generated by two 2A-elements in the
Baby Monster, one needs to study the VOAs generated by two 2A-subalgebras (cf. Section
3) with some conditions, which corresponds to VOAs generated by three simple ¢ = 1/2
Virasoro vectors, while in the Fy case, one only needs to study VOAs generated two simple

¢ = 1/2 Virasoro vectors.

In a further paper, we will discuss McKay’s Eg observation on the largest Fischer
group [HLY]. Although the general approach to this case is similar, other vertex operator
algebras have to be studied and many technical details are different.

To explain our results more precisely, let us review the background of our method and
the results established in [LYY1, LYY2, LM]|. The main idea is to associate involutions

to certain Virasoro vectors of small central charge in V% and VB

Let R be a simple root lattice with a simply laced root system ®(R). We scale R such
that the roots have squared length 2. We will consider the lattice VOA V 55 associated
to v/2R. Here and further we will use the standard notation for lattice VOAs as in [FLM].
In [DLMN] Dong et al. constructed a simple Virasoro vector of V5, of the form

1
Dpi=——— a(—1)%1 + —— eV, (1.1)
D 2 h+2a§

where h denotes the Coxeter number of R. The central charge of wg is 1/2, 7/10 and 6/7
if R = FEg, E7 and Eg, respectively.



1.1 The affine Eg diagram and the Monster

We will describe some automorphisms of V, 55 from McKay’s Eg diagram [C, Mc].

3C

T (1.2)

(e, O

1A 2A 3A 4A  5A 6A 4B 2B

Let L,x be a sublattice of Eg obtained by removing the node labeled nX. Then the

index of L, x in Ey is n and we have a coset decomposition

n—1

By = | |(Lux + jo).

j=0
Correspondingly, we have a decomposition
n—1
V\/§E8 = @ Vﬁ(Lnx+j@)'
j=0
Define a linear map p,x acting on the component V, V2 (Lx+j) by e2™V=1j/n  Then PnX
is an automorphism of V55 of order n. Now take the simple ¢ = 1/2 Virasoro vector
e = Wg, of V5, defined by (1.1). Denote by U, x the subalgebra of V5, generated by e
and f := p,xe. Note that one can associate involutive automorphisms to these Virasoro

vectors via the so-called Miyamoto involutions [Mil] and therefore the subalgebra U, x

represents the symmetry of a dihedral group of order 2n.

On the other hand, Sakuma [S]| showed the following result about subalgebras gen-
erated by two simple ¢ = 1/2 Virasoro vectors e and f: Let V = €, -, V. be a VOA
over R with V5 = R1 and V; = 0, and assume that the invariant biline_ar form on V is
positive definite. Then there are exactly nine possible structures for the Griess subalgebra
generated by e and f in the degree two subspace V5 (cf. Theorem and they agree
with those of the dihedral subalgebras U, x discussed in the previous paragraph. In other
words, the dihedral subalgebras U, x exhaust all the possibilities.

In [LYY1, LYY2, LM], the algebra U, x is studied in detail and it is shown that there
exists a natural embedding of U, x — V¥ for each node nX. This together with Sakuma’s
theorem explains how the Ejy structure is imposed in the Moonshine VOA. In addition,
it is shown in [LYY2] that the product 7.7 of the corresponding Miyamoto involutions

on V¥ is exactly in the Monster conjugacy class nX. In fact, the subalgebra U, x exactly
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corresponds to a dihedral subgroup generated by two 2A-involutions of the Monster via
the one-to-one correspondence between the simple ¢ = 1/2 Virasoro vectors and 2A-
involutions. Thus the Eg-structure on the Moonshine VOA corresponds naturally to the
FEg-structure of the Monster as observed by McKay.

1.2 The affine F; diagram and the Baby Monster

In this article, we will give a similar correspondence which associates the affine E; diagram
to the Baby Monster.

The Baby Monster VOA VB". Let e be a simple ¢ = 1/2 Virasoro vector of the
Moonshine VOA. Denote by Comy:(Vir(e)) the commutant subalgebra of Vir(e) in V.
It follows from the one-to-one correspondence between simple ¢ = 1/2 Virasoro vectors in
V% and 2A-involutions of the Monster (cf. Theorem [5.1) that all simple ¢ = 1/2 Virasoro
vectors of V! are mutually conjugate under the Monster and thus the VOA structure on
Comy: (Vir(e)) is independent of e € V. Denote by 7. the involution corresponding to a
simple ¢ = 1/2 Virasoro vector e. The centralizer Cyy(7.) is a double cover 2.B of the Baby
Monster simple group B which naturally acts on Comy:(Vir(e)) so that we denote it by
VB? and call it the Baby Monster VOA. The Baby Monster VOA as well as its extension
to a superalgebra called the shorter Moonshine module was first constructed by one of
the authors (G.H.) in [Hél]ﬂ. It is proved in [H62, Y] that the Baby Monster is indeed
the full automorphism group of the Baby Monster VOA and therefore the Baby Monster
VOA VB is probably the most natural object to be considered in the study of the Baby
Monster, the second largest of the 26 sporadic groups.

As B is involved as a double cover 2.B C M in the Monster, we have also an embedding

L(1,0) ® VB* ~ Vir(e) ® Comy:(Vir(e)) < V7, (1.3)

where L(c,0) denotes a simple Virasoro VOA with central charge ¢. We will show in
Proposition 5.4 that every 2A-involution s € Aut(Comy+(Vir(e))) of the Baby Monster is
covered by a 2A-involution t € Aut(V?) of the Monster in the sense that s = t|00mvu (Vir(e))
for some ¢ € Cy(7e).

We will also show that every 2A-involution of the Baby Monster is induced by a simple
¢ = 7/10 Virasoro vector via Miyamoto involutions in Theorem [5.9 and this correspon-

dence actually is one-to-one if we restrict only to simple ¢ = 7/10 Virasoro vectors of

In [H61] the shorter Moonshine module is denoted by VBE. Our VB? is the even part of the shorter
Moonshine module and corresponds to VB(hO) in loc. cit.



o-type in VB? as shown in Theorem [5.13. (See Definition [2.4 for the definition of simple
¢ = 7/10 Virasoro vectors of o-type.)

McKay’s observation. By using the embedding of the E; lattice into the Ey lattice
and similar ideas as in [LYY1, LYY?2], we will construct a certain sub-VOA Up,x) of the
lattice VOA V51 associated to each node nX of the affine E; diagram (cf. Section 4).

We will show that Upg(,x) is contained in the VOA VB® purely by their VOA struc-
tures in Theorem [5.18. These sub-VOAs contain pairs of Virasoro vectors, whose central
charge are 7/10. Then, by identifying the Baby Monster with Aut(VB?), we also show in
Theorem 5.18 that the products of the corresponding o-involutions belong to the desired
conjugacy classes n.X in B using the Atlas [ATLAS]|. Thus our embeddings of Up,x) into
VB!, in some sense, encode the E; structure into the Baby Monster VOA VB® and the
Baby Monster which are compatible with the original McKay observation.

N-transposition property. A central point for understanding McKay’s observations is
to describe a product of two involutions. In the Monster, the product of two 2A-involutions
has order less than or equal to 6. This fact is known as the 6-transposition property of the
Monster. This fact can be deduced directly from the character table of the Monster. On
the other hand, Sakuma [S] showed that the 6-transposition property can also be viewed
as a consequence of symmetries of a vertex operator algebras. In this paper, we will use
Sakuma’s theorem and deduce that Miyamoto involutions associated to derived ¢ = 7/10
Virasoro vectors of the commutant subalgebra satisfy the {3, 4}-transposition property
under the same assumption as in Sakuma’s theorem (cf. Propositions [3.11). Applying
this result, we can recover the {3,4}-transposition property of the Baby Monster. It is
true that one still needs to use the character tables to identify the conjugacy classes of
the Baby Monster, but it is worth to emphasize that the bound for the order of products
of two involutions is given by the theory of vertex operator algebras.

1.3 The organization of the paper

The organization of this article is as follows: In Section 2, we review basic properties about
Virasoro VOAs and Virasoro vectors. In Section [3, we study a special vertex operator
algebra, which we call the 2A-algebra for the Monster.

In Section|4, we recall the definition of a commutant sub-VOA and define certain com-
mutant subalgebras associated to the root lattice of type E; using the method described
in [LYY1, LYY2]. It turns out that these commutant subalgebras contain many Virasoro

vectors, which will be used to define some involutions in the last section.



In Section 5] the commutant subalgebra VB? of V7 is studied. The full automorphism
group of VB is shown to be the Baby Monster simple group in [H62, Y]. We show that
there is a one-to-one correspondence between 2A-involutions of the Baby Monster and
simple ¢ = 7/10 Virasoro vectors of o-type in VB

Finally, we discuss the embeddings of the commutant subalgebras constructed in Sec-
tion 4 into VB in Section 5.3. We show that the simple ¢ = 7/10 Virasoro vectors defined
in Section [4.2] can be embedded into VB?. Moreover, the product of the corresponding
o-involutions belongs to the conjugacy class associated to the node.

Acknowledgment. Part of the work was done when the first and third named authors
were visiting the National Center for Theoretical Sciences, Taiwan in June 2008 and when
the third named author was visiting Kansas State University in April 2006. They grate-
fully acknowledge the hospitalities there received. The third named author also thanks
Hiroki Shimakura for valuable comments on automorphism groups of vertex operator al-
gebras. All of the authors thank ICMS for the opportunity to have a discussion on this
work during the conference in Edinburgh, September 2009.

Notation and Terminology. In this article, N, Z, R and C denote the set of non-
negative integers, integers, reals and complex numbers, respectively. We denote the ring
Z/pZ by Z, with a positive integer p and often identify the integers 0,1,...,p — 1 with
their images in Z,. We denote the Monster simple group by M, the Baby Monster simple
group by B.

Every vertex operator algebra is defined over the field C of complex numbers unless
otherwise stated. A VOA V is called of CFT-type if it is non-negatively graded V =
D,,>o Vo with Vj = C1. For a VOA structure (V,Y (-, 2), 1,w) on V, the vector w is called
the 7conf07"mal vector of V. For simplicity, we often use (V,w) to denote the structure
(V.Y (-,2),1,w). The vertex operator Y (a,z) of a € V is expanded such that Y (a,z) =
2 nez Om? "

For ¢, h € C, let L(c,h) be the irreducible highest weight module over the Virasoro
algebra with central charge ¢ and highest weight h. It is well-known that L(c,0) has a
simple VOA structure [FZ]. An element e € V' is referred to as a Virasoro vector of central
charge c. € Cif e € V5 and satisfies e1ye = 2e and e(g)e = (c./2)- 1. It is well-known that
the associated modes L¢(n) := €41y, n € Z, generate a representation of the Virasoro

algebra on V' (cf. [Mil]), i.e., they satisfy the commutator relation
3 _
[L9(m), L*(n)] = (m = n)L*(m + ) + G =—5—ce.

Therefore, a Virasoro vector together with the vacuum vector generates a Virasoro VOA
inside V. We will denote this subalgebra by Vir(e).
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In this paper, we define a sub-VOA of V' to be a pair (U, e) of a subalgebra U containing
the vacuum element 1 and a conformal vector e for U such that (U, e) inherits the grading
of V, that is, U = @@, -, U, with U, = V,, N U, but e may not be the conformal vector
of V. In the case that e is also the conformal vector of V', we will call the sub-VOA (U, e)
a full sub-VOA.

For a positive definite even lattice L, we will denote the lattice VOA associated to L
by Vi, (cf. [FLM]). We adopt the standard notation for V; as in [FLM]. In particular,
V" denotes the fixed point subalgebra of V7, under a lift of the (—1)-isometry on L. The
letter A always denotes the Leech lattice, the unique even unimodular lattice of rank 24
without roots.

Given a group G of automorphisms of V', we denote by V¢ the fixed point subalgebra
of G in V. The subalgebra V¢ is called the G-orbifold of V in the literature. For a V-
module (M, Yy (-, 2)) and o € Aut(V), we set “Yi(a, z) := Yy (07 ta, z) for a € V. Then
the o-conjugate module o o M of M is defined to be the module structure (M, 7Yy, (-, 2)).

2 Virasoro vertex operator algebras

Let 6
Cmi=1— ) m=12...,
(m+2)(m + 3) @.1)
_ 2 _ ’
h%)::{r(m—kiﬂ s(m+2)} 17 l<s<r<mdtl
4(m +2)(m + 3)

It is shown in [W] that L(c,,,0) is rational and L(c,, h,(f?)), 1 <s<r<m+1, areall
irreducible L(c,,,0)-modules (see also [DMZ]). This is the so-called unitary series of the
Virasoro VOAs. The fusion rules among L(c¢,,, 0)-modules are computed in [W] and given

by

L(Cm7 h£17gl) X L(Cm7 h'7(“2,‘)92) - Z L(Cm’ h'|7“177‘2|+2i*1,‘81*52|+2j*1)’ (22)
7

where
I={1,2,...,min{ry, ro, m+2—r;, m+2—ry}},

J:{l, 2, ...,min{sl,SQ,m+3—81,m+3—82}}.

Definition 2.1. A Virasoro vector x with central charge ¢ is called simple if Vir(x) ~
L(c,0). A simple ¢ = 1/2 Virasoro vector is called an Ising vector.

The fusion rules among L(¢;,, 0)-modules have a canonical Zs-symmetry and this sym-
metry gives rise to an involutive automorphism of a VOA.



Theorem 2.2 ([Mil]). Let V be a VOA and e € V' a simple Virasoro vector with cen-

tral charge c,,. Denote by Ve[h%)] the sum of irreducible Vir(e) = L(cp,, 0)-submodules

isomorphic to L(cy,, th’;)), 1<s<r<m-+1. Then the linear map

)] if m is even,

(-1 on Vi[h{%
Te i= (m

(1)1 on VL[RD] if m s odd,

defines an automorphism of V' called T-involution associated to e.

In this paper, we frequently consider simple Virasoro vectors with central charges
¢ = 1/2 and ¢y = 7/10. Here we recall the definitions of o-type ¢ = 1/2 and ¢ = 7/10

Virasoro vectors. The corresponding o-involutions will also be defined.

Definition 2.3. An Ising vector e of a VOA V is said to be of o-type on V if 7. =id on
V, i.e., Ve[l/lfi] =0.

In this case, one has V = V,[0] & V,[l/z] and the map o, defined by
1 on V.[0],
—1 on V_.[tf)].
is an automorphism of V' (cf. [Mil]).

Definition 2.4. A simple ¢ = 7/10 Virasoro vector u of a VOA V is said to be of o-type
on V if Vu [7/16] = Vu [3/80] = O.

Let u € V be a simple ¢ = 7/10 Virasoro vector of o-type. Then one has the isotypical
decomposition
V =V,[0] ® Vu[] @ Viu[Yro] & Vi [35].

Define a linear automorphism o, € End(V') by
1 on V,[0] & V,B5l,
—1 on V,BA] & Vi[Yiol.
The fusion rules (cf. Theorem 2.2) imply:
Lemma 2.5. The linear map o, is an automorphism of V.

We also need the following result:



Lemma 2.6. Let V be a VOA with gradingV = @,,~o Vo, Vo = Cl andV; =0, andu € V
a Virasoro vector such that Vir(u) ~ L(cp, 0). Then the zero mode o(u) = uqy acts on the
Griess algebra of V' semisimply with possible eigenvalues 2 and hg’;), 1<s<r<m-+1.
Moreover, if h&f’;) #2 for1 < s <r <m+1 then the eigenspace for the eigenvalue 2 is

one-dimensional, namely, it is spanned by the Virasoro vector u.

Proof: Since V' is a module over a rational VOA Vir(u) ~ L(c,,,0), the zero mode
o(u) acts on V semisimply. In the following we use the convention as in Theorem [2.2.
Let v € V5 be an eigenvector with eigenvalue A\. By the linearity, we may assume that
v € Vu[hm)] with 1 < s <r<m+1and \ = hm)%—n, n € N. Suppose n > 0. If
h £ 0, that is, (r,s) # (1,1), then Vir(u) - v contains a non-zero vector of u)-weight
A — 1 which belongs to the weight one subspace of V| a contradiction. If hfn";) = 0,
then Vir(u)v = L(¢p,0) as a Vir(u)-module. That forces A < 2 and hence A = 0 or 2.
If n = 2, then there exists f € Homyi(u)(Vir(u), V) such that v = f(u). In this case
u@v = ue) f(u) = flugu) = (cn/2) - f(1) is a non-zero vector of the weight zero
subspace of V' and hence u3)v is a multiple of the vacuum vector of V. Write f(1) = k1.
Then

v=fu) = flucnl) = ucy f(1) = uey) - k1 = ku.

Therefore, the eigenspace for the eigenvalue 2 is one-dimensional and spanned by wu. 1

Among L(¢;,, 0)-modules, only L(c,,,0) and L(cy, h%zu) are simple currents, and it is
shown in [LLY] that L(cy,, 0)® L(cp, A sz) forms a simple current extension of L(c,,,0).
Note that hfﬁu = m(m + 1)/4 is an integer if m = 0, 3 (mod 4) and a half-integer if

m=1,2 (mod 4).
Theorem 2.7 ([LLY]). (1) The Zs-graded simple current extension
Wi(em) i= L(cn, 0) & Llem, hiih,)

has a unique simple rational vertex operator algebra structure if m =0, 3 (mod 4), and a
unique simple rational vertex operator superalgebra structure if m =1, 2 (mod 4), which
extends L(cy,,0).

(2) Let M be an irreducible L(cy,,0)-module and M = L(cm,hgﬁm) X M be the fusion
product. If M is not isomorphic to M, then M is uniquely extended to an irreducible
either untwisted or Ly-twisted W(cy,)-module which is given by M @ M as an L(cy, 0)-
module. If M and M are isomorphic L(cim, 0)-modules, then M affords a structure of an
irreducible either untwisted or Zo-twisted W(c,,)-module on which there are two inequiva-

lent structures. These structures are Zso-conjugates of each other and we denote them by
M*.
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3 The 2A algebra for the Monster

In this section, we will review and list some properties of a certain VOA called the 2A-
algebra for the Monster which is related to a dihedral subgroup of the Monster. As an
application of this algebra, we will show that certain commutant algebras of the Vira-
soro VOA L(1/,0) have a subgroup of automorphisms satisfying the {3, 4}-transposition
property. This result will be used in the last section to study the Moonshine VOA and
its subalgebra related to the Baby Monster.

By Theorem 2.7, W(l2) = L(1/2,0) & L('/,%/2) and W(70) = L(70,0) & L(To,%5)
form simple vertex operator superalgebras. As the even part of a tensor product of these
SVOAs

Uzy = L(l/% O) ® L(7/107 0) ©® L<1/27 1/2) ® L(7/1073/2)'
forms a simple VOA. We call U4 the 24-algebra for the Monster.

The 2A-algebra can be also constructed along with the recipe described in Section
via the embedding A, & E; — Fg.

The structure as well as the representation theory of Usy is well-studied in [Mil, LY1].
We first review their results.

Commutant subalgebras. Let V be a VOA and (U, e) a sub-VOA. Then the commu-
tant subalgebra of U is defined by

Comy(U) :={a €V |awmU =0 for all n > 0}. (3.1)
It is known (cf. [FZ, Theorem 5,2]) that
Comy (U) = kery (g (3.2)

and in particular Comy (U) = Comy (Vir(e)). Namely, the commutant subalgebra of U is
determined only by the conformal vector e of U. If wz)e = 0, it is also shown in Theorem
5.1 of [FZ] that w — e is also a Virasoro vector. In that case we have two mutually
commuting subalgebras Comy (Vir(e)) = kery ey and Comy (Vir(w — e)) = kery(w —
e)y and the tensor product Comy (Vir(w — €)) ® Comy (Vir(e)) forms an extension of
Vir(e) ® Vir(w —e). If Vi = 0, we always have wie = 0. More generally, we say a sum
w = el'+---+e"isa Virasoro frame if all ¢! are Virasoro vectors and [Y (€%, z1), Y (e7, 25)] =
0 for i # j.

3.1 Griess algebra and Representation theory

Let w!' and w? be the Virasoro vectors of L(1/,0) ® L(7/0,0) C Uss with central charges
1/2 and 7/10, respectively, and let x € L(1/2,14) ® L(7/10,3/2) C Usa be a highest weight

11



vector. It is well-known that the SVOA W(14) = L(1/,0) & L(1/2,1/2) has a realization
by a single free fermion [FFR, FRW] and the extension W(7/10) = L(7/10,0) & L(7/10,3/2)
is isomorphic to the Neveu-Schwarz SVOA of central charge 7/10 [GKO]. Hence, there

exists a presentation

1

wh = %¢3/2¢1/2L W= SG(TR)G(R)L, = 1apl@G(=3hR)1

with Y(z,2) = ¢¥(2) ©G(2), ¥(2) = FpepVuripz ™" G(2) = Xepin Glr)z 2
such that

1
r s =bans iy 6] = (Gm =) Glm 1)
G(r), G = 2w? ) [ 3.3
601, GO = 2o+ Srsnags (1= ) 33)

By the presentation above, we can calculate the structure of the Griess algebra of Us4 as
follows (cf. [LYY?2]):

amb | W' w? x (a,b) |w' w?* =
w1208 0 1y wl L0 o0
2 4 ) (3.4)
2 2 2
w 2w Sx w % 0
x %wl + 2w? x %

Note that {w!,w? z} forms an orthogonal basis of the Griess algebra. By a direct com-
putation, we can verify the following.

Lemma 3.1 ([LYY?2]). There exist exactly three Ising vectors in Usa, given by
. 1 5 V15 1, 5, 15

W', e+::gw1+§w2+?x, 7= gw + oWt — o=

These Ising vectors are mutually conjugated by the associated o-involutions, namely,
opet =eF, oawl=eT, oaef =0l
In particular, Aut(Usa) is isomorphic to Sz which is generated by o-type involutions.
By the lemma above, we see that there exist three Virasoro frames inside Usx:
w=wtwr=et+ft=e+f, ffi=w-—e

and these frames are mutually conjugate under the o-involutions.

Since Usy4 is a Zg-graded simple current extension of a rational VOA L(1/,0) ® L(7/10,0),

Us 4 is also rational. The classification of irreducible Uss-modules is completed in [LY1].
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Theorem 3.2 ([LY1]). The VOA Usa is rational and there are eight isomorphism types
of irreducible modules over Usa. Their shapes as Vir(w') ® Vir(w?) =~ L(1%,0) ® L(7/0,0)-
modules are as follows:

U<Ov O) = [07 0] D [1/273/2]7 U(I/Q’ 0) = [1/27 0] D [073/2]7 U(Oal/lo) = [071/10] D [1/273/5]7

U(0,35) = [0,35] ® [Yo,%10], U(Yi6,he)™ = [Yr6,Thel™,  U(Yre,3/s0)" = [Yae,3/s0] ™,

where [hy, ha] denotes L(1/2, hy) & L(7/0, he) and M~ is the contragradient (or dual) module
of M.

By the list of irreducible modules, we see that Us, is a maximal extension of

L(Y/2,0) ® L(7/0,0) as a simple VOA.

We consider the conjugacy of irreducible Uss-modules under the action of Aut(Usa).
By comparing top weights, we see that g o U(hy, hy) ~ U(hy, hs) for any g € Aut(Usn) if
(h1,ha) = (0,0) or (0,3/5). The remaining modules can be divided into two groups having
the same top weights, 1/2 and 1/10, each consists of three irreducibles. To determine the
isomorphism types of the conjugates of the modules of the form U (1/1, h)* with h = 7/16
and 3/80, we first fix the labeling signs.

By Theorem 2.7} there exist two inequivalent Zo-twisted W(1) = L(1/, 0) & L(1f,1/2)-
module structures on L(1/2,1/16), which we denote by L(1/,1/16)%. On L(%s,1/16)*, the
vertex operator associated to a highest weight vector 1_1,51 of L(1/2,1) acts as a free
fermionic field ¢(z) = Y, ; ¢nz "2 such that [¢pm, dult = dmino. The operator ¢
acts by £1/4/2 on the top levels of L(1/2,1/16)*. Similarly, the L(7/19,0)-modules L(7/10, h),
h = 7/16, 3/80, can be extended to irreducible Zy-twisted modules L(7/10, h)* over the
Neveu-Schwarz SVOA W(7/10) = L(7/10,0) & L(7/10,3/2), which form the Ramond sectors.
Namely, the vertex operator associated to the highest weight vector G(—3%)1 € L(7/0,3/)
has an expression Y (G(=34)1,z) = > ., G(r)z=""%? such that [G(r),G(s)]; is given
as in (3.3). The operator G(0) acts by +4/h — 5 - -~ on the top levels of L(7/o, h)*,
h = 17/16, 3/80.

Let us consider the zero mode action o(x) := x(1y of the highest weight vector x =
Y_121 ® G(—3/2)1 € Usx on the top level of L(1/2,1/16) @ L(7/10, h), h = 7/16, 3/80. Since
o(x) = ¢o ® G(0) by the representation, it acts by

PR A
V2 2410

on the top level. We fix the signs such that o(z) acts by +7/41/15 on the top levels of
U(Y/16,7h6)%. Then we can define the signs of U(1/16,3/50)* by the fusion rule

U (Y6, 7he)™ x U(0,3/5) = U (Y16,3/s0)™ (3.5)
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(cf. [LY1, LLY)).

We consider the isomorphism classes of conjugates of irreducible modules with top
weight 1/2, namely, go U (1/2,0) and go U (1/16,7/16)* for g € {041, 0+, 0 }. By definition,
o1 0 U(Vhe,7he)E = U(l6,7/16)T since 0,1 coincides with the canonical Zy-symmetry of
Uza = [0,0] @ [12,3/]. Now consider o.+ o U(Y/16,7/16)°, € = £. The zero mode action o(x)
on the top level of g+ o U(Y/i6,7/16)° is equivalent to the zero mode of o.+x on the top
level of U(1/16,7/16)°. We compute o.+x. Since o.+w! = €T, one has

1 5 V15

wh =oreT = gaeiwl + gO’e:tWQ F g et
1 5 V15
= éejF + gf; F —g 0T

Solving this, we obtain

1 1
Ot ¥ = +——(—Tw' + 5w?) + ==z.

215 2

Then the zero mode of o.+2 on the top level of U(1/i6,7/16)° acts by the scalar

+ L ( 7 L +5 7) + L !
—_— p— [y— - —_— 5 ¢ — e
2v/15 16 16 2 415
In the above, we identify the signs ¢ = + with £1. From this we can determine the

isomorphism classes of o.+ o U(1/16,7/16)° and o+ o U(1/2,0), and the result is summarized
in the following table.

M U(Y2,0) | U(Ye,he)™ | UYre,7/16) "
o oM || U(Ye,0) | U(s,"he)” | U(trs, Yhe)* (3.6)
oo+ o M || U(Yhe,he)™ | U(Yrs,"he)t | U(Y2,0)
0c- o M || U(the,7he)™ | U(Y2,0) | U(Yre,716)”

Since a conjugation by an automorphism keeps the fusion rules invariant, by the fusion
rules and U (Y4, 0) x U(0,3/5) = U(0,%0) (cf. [LY1, LLY]) we also have the following

table.
M U(0,%10) | U(Yhe,3/s0)" | U(Y16,3/s0)
g,1 O M U(O, 1/10) U(1/1673/80)_ U(1/1673/80)+ (37)
oet o M || U(Y16,3%k0)” | U(Y16,3/0)" | U(0,%10)
- o M || UY16,3k0)" | U(0,Y10) | U(Y16,3/0) "

14



Remark 3.3. By the table above, we can explicitly compute that the zero mode o(z)
acts by F1/4+/15 on the top levels of U(1/16,3/s0)*.

For the 7-involutions associated to Usy4, one has the following result:

Theorem 3.4. Let V be a VOA containing Us s as a sub-VOA. Then as automorphisms on
V', the T-involutions associated to Ising vectors of the subalgebra Usy satisfy the relations

of a Kleinian 4-group:
Tl Tet = Tex Tl = T+ NG Tt Te— = To-Tet = Tyl

Proof: Since Uy is rational, V' is a direct sum of irreducible Uss-submodules given
in Theorem Let M be an irreducible Us4-submodule of V. It is clear that each
T-involution keeps an irreducible Uj4-submodule invariant, and the action of 7,1 on M
is manifest by its Vir(w') ® Vir(w?)-module structure. Since 7.+ = 7, .+ = 7, o1, the
action of 7.+ on M is equivalent to that of 7,1 on o.+ o M. Thus the action of 7.+ on M
is determined by the conjugacy relations given in (3.6) and (3.7) and the following table

summarizes the result.

M || U(0,0) | U(Ye,0) | UV, 7he)* | U(0,3/5) | U(0,Y10) | U(Yr6,3/s0)F
” 1 1 -1 1 1 -1
Tl + + + + (3.9)
Tot +1 —1 +1 +1 -1 +1
Te— +1 -1 F1 +1 -1 F1
From the table above one can see the relations as claimed. ]

3.2 {3,4}-transposition property of o-involutions

We consider o-involutions induced by the 2A-algebra. We refer the reader to Section 2|
for the definition of simple ¢ = 7/10 Virasoro vectors of o-type and their corresponding
o-involutions. See Definition 2.4/ and Eq. (2.3)) for the details.

Let V be a VOA and let e € V be an Ising vector.

Definition 3.5. A simple ¢ = 7/10 Virasoro vector f € Comy (Vir(e)) is called a derived
Virasoro vector with respect to e if there exists a sub-VOA U of V' containing e and f
such that U is isomorphic to the 2A-algebra Us4 and e + f is the conformal vector of U.

Lemma 3.6. A derived ¢ = 7/10 Virasoro vector f € Comy (Vir(e)) with respect to e is
of o-type on the commutant subalgebra Comy (Vir(e)).
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Proof: Assume that V' contains a subalgebra U isomorphic to the 2A-algebra Usx as in
Definition 3.5. For an irreducible U-module M, we define the space of multiplicities by

HM = HOHIUQA(M, V)
Then we have the isotypical decomposition

V= @ MeH,.
Melrr(Usa)
Consider the subalgebra Vir(e) ® Vir(f) ® Comy (U) of V. One has Vir(e) >~ L(1/,0) and
Vir(f) ~ L(7h0,0). By Theorem we have the following decomposition:
V.[0] = [0,0] ® Hyo0) ® [0,3L)® Huayze @® (0,110 ® Hyo1/100® [0,35] @ Hyo,3/5
where [hq, ho] denotes a Vir(e) @ Vir(f)-module isomorphic to L(1/2, h1) ® L(7/10, h2). Then

we obtain

Comy (Vir(e)) = L(7/1070)®HU(0,0) ¥ L(7/10,3/2)®HU(1/2,0)

(3.9)
® L(7/10,110) ® Hy,/10) © L(7/10,35) ® Hyo,3/5)-
Thus f is of o-type on Comy (Vir(e)). 1
We consider the one-point stabilizer
Stabauvy(e) := {g € Aut(V) | ge = e}. (3.10)

It is clear that Stabauv)(e) forms a subgroup of Aut(V). Each g € Stabauv)(e) keeps
the isotypical component V,[h|, h € {0,1/,/16}, invariant so that by restriction we obtain
a group homomorphism

@e 1 Stabawy(e) —  Aut(Comy (Vir(e))), (3.11)

g — glComV (Vir(e))-

Let f € Comy(Vir(e)) be a derived Virasoro vector with respect e. By Lemma [3.6]
and Lemma 2.5/ above, we obtain an involution oy € Aut(Comy (Vir(e))). Inside U, we

have the three Ising vectors e, et and e” = o et.
Lemma 3.7. ¢ (Te+) = @e(7e-) = 0 in Aut(Comy (Vir(e))).

Proof: By Theorem 3.4, we see that 7.+ and 7.~ are in Stabayyvy(e). More precisely,
we see from (3.8) that both 7.+ and 7,- act by 1 on each isotypical component M & H,
for M € Irr(Usy). In particular, by and (3.9), we see that p.(7.+), @e(7.~) and oy

define the same automorphism on the commutant subalgebra Comy (Vir(e)). 1

We say a VOA W over R is compact if W has a positive definite invariant bilinear

form. We recall the following interesting theorem of Sakuma.
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Theorem 3.8 ([S]). Let W be a VOA over R with grading W = @, Wn, Wy = R1
and Wy = 0, and assume W 1is compact. Let x, y be Ising vectors in W and denote by
U(x,y) the subalgebra of W generated by x and y. Then:

(1) The 6-transposition property |t,7,| < 6 holds on W.

(2) The Griess algebra on the weight two subspace U(x,y)s of U(z,y) is one of nine
mequivalent structures.

(3) The Griess algebra structure on U(x,y)s is unique if |1,7,| =5, 6.

(4) If |Ty1y| = 2 then T,y =y and T,x = x. Moreover, either (z,y) =0 or (z,y) = 1/32.
If (x,y) = 1/32, then x and y generate a copy of the 2A-algebra and we have 0,y = oy
inside the fized point subalgebra W =)

Let I be the set of all derived ¢ = 7/10 Virasoro vectors of Comy (Vir(e)) with respect
to e. We have seen in Lemma [3.6 that each vector of I is of o-type on Comy (Vir(e)).
Based on Sakuma’s theorem, we will prove that the set of involutions

{on € Aut(Comy (Vir(e))) |u € I}

satisfies the so-called {3, 4}-transposition property.

First we will prove a result about regular tetrahedrons of Ising vectors of o-type.

Lemma 3.9. Suppose that V is a VOA with Vi =0 and V' has a compact real form Vg,
that is, V' as an R-algebra has a compact R-subalgebra Vg such that V = C®g V. Let
a', a?, a® and b be Ising vectors of Vg of o-type on V such that a', a?, a® are the three

Ising vectors of a 2A-algebra. Then it is impossible that (a*,b) = 1/32 for all 1 <14 < 3.

Proof: Suppose otherwise and (a’,b) = 1/32 for all 1 < ¢ < 3. By Lemma the
o-involution 0,1, 0,2 and o, generate a group H ~ Sz in Aut(Vg). Using Theorem 3.8,
we know that for each i = 1, 2, 3, the vectors a* and b also generate a 2A-algebra and
therefore o, and o}, generate a subgroup H; ~ Sz in Aut(Vg). In particular, [0y, 0,:] # 1
for i =1, 2, 3. Note that H N H; # 1.

Let K be the subgroup of Aut(V') generated by {o,,042,043,04}. It is shown in
[Ma2] that the group K is a 3-transposition group of symplectic type, which means, the
group generated by two (non-commuting) subgroups H and H;, both isomorphic to S, is
isomorphic to either S3 if H = H; or S, if H # H,.

Assume first that K = (H, H;) is isomorphic to S;. As elements of subgroups isomor-
phic to S the o-involutions o1, 0,2, 0,3 and o, would be transpositions. However, given
four transpositions in Sy, there are at least two which commute. This is a contradiction.
Therefore K must be Sz, which implies that o, coincides with one of the o,, 1 = 1, 2,
3. This contradicts that o, and o, generate a Sz for : = 1, 2, 3. Therefore the lemma

follows. 1
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Remark 3.10. It is known [ATLAS] that there is no 2A-pure elementary abelian subgroup
of order 8 in the Monster. We have essentially shown this fact by the theory of vertex
operator algebras in Lemma

Proposition 3.11. Suppose that V' is a VOA with Vi = 0 and V has a compact real
form Vg such that all the Ising vectors of V' are in Vg. Then for any u, v € I, we have
lowoy| < 4 on Comy (Vir(e)).

Proof: First, we note that all derived ¢ = 7/10 Virasoro vectors in I are in the real form
Vg, as it is a R-linear combination of real Ising vectors by Lemma[3.1. Take u, v € I and
consider involutions o, and o, defined on Comy (Vir(e)). By definition of o-involution,
both o, and o, preserve the real form Vg and therefore the order of o,0, on V is the
same as that on Vz. By definition of derived vectors, there exist subalgebras U, U? of
V' isomorphic to the 2A-subalgebras such that e + v and e 4+ v are Virasoro frames of
U' and U?, respectively. By Lemma 3.7 there exist Ising vectors e! € U' and e? € U?
such that ¢.(7.1) = 0, and @e(7.:2) = 0,. Since @, is a group homomorphism, the order
|0uoy| = |@e(TerTe2)| divides |Tai7.2|. By Theorem [3.8, we know that |7.17.2| < 6 and we
have nothing to prove if |7.17.2| < 4. So we assume |7.17.2| = 5 or 6.

l'is an Ising vector of U! which is

Case |T.aT.2| = 5: Suppose |[Ta72| = 5. Since e
isomorphic to the 2A-algebra, we can take by Theorem 3.4 another Ising vector ¢!’ € U?
such that 7.1 = 7.7.1. Since e and e? are in another 2A-subalgebra U?, we see that 7, and
T2 commute, from which we obtain |7,1/7.2| = |77 72| = 10. This contradicts Sakuma’s

theorem. Therefore, |7.17.2| # 5 and this case is impossible.

Case |7a7.2| = 6: In this case the Griess algebra structure of the subalgebra generated
by e! and €? is unique by Sakuma’s theorem and is isomorphic to the 6A-algebra discussed
in Appendix /Al By the uniqueness, we can identify e! and e? with those in Appendix|A.
Below we will freely use the results there. Set w := 7.27.1e2. Then w is an Ising vector
which is denoted by e* in Uga by (A.2). Since {e',w) = 1/32 by (A.1), the sub-VOA

1

generated by e' and w is isomorphic to the 2A-algebra Us4. The third Ising vector z in

this 2A-algebra is given by the equation

zi=e +w—4dwye' =ocaw (3.12)
and is corresponding to w! in Ugs by (A.3). Moreover, since {(e,e') = (e, €?) = 1/32 and
e € Veme2) we have

1
<€’w> = <€77—62T6162> = <7'61T62€,32> = <€, e2> = —.

32

Therefore, e and w also generate a 2A-algebra.
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For the 7-involutions we obtain:
Tw = Tror 2 = T2Tel T2 Tel Te2 (3.13)

as Tye2 = 9729 * for g € Aut(V). It follows from (7.17.2)% = 1 that 7,, commutes with 7.
It follows from (3.13)) and (A.4) that

Te = TelTy = (7’517'62)3 on V. (3.14)

Thus 7. commutes with both 7, and 7, in Aut(V') since 7. commutes with both 7.1 and 7.
Now either |7.7.17.2| = 3 or 6 occurs.

Claim: |TeTaTe| = 3.
Suppose otherwise and |7.7.17.2| = 6. For the third Ising vector el in the 2A-algebra

U' generated by e and e!

one has 7,1 = 77,1 on V. Then 7.7.17.2 = 7,1/7.2 is of order 6
and hence e'” and e? generate a subalgebra isomorphic to the 6A-algebra. Again we have
Ising vectors w' := Te2T 1€ = T2TaTe? = T2Tme? = w and 2/ = ow corresponding to
e and w in Ugy, respectively, such that e!’, w’ = w and 2/ generate a 2A-algebra.

Note that if we set G = (7., Te1, 7,) then e, €', w and x are Ising vectors of V¢ which
are of o-type on it. As (w’,e'’) = 1/32 and e and w generate a 2A-algebra, the following

holds in VE:

1
35 =

w', ety = (w, ey = (w, 0.e') = (oow, e') = (oye,et) = (e, 0, = (e, z).

(3.15)
Therefore, if |7,7.17.2| = 6, then we obtain four o-type Ising vectors e, ¢!, w and x in V¢
such that e!, w and x generate a 2A-algebra and

1
32

By Lemma 3.9/ above, such a configuration is impossible. Thus, 7,717, cannot have

(e,e') = (e,w) = (e,x) = (3.16)
order 6 and the claim follows.

Since T, € ker ¢, it follows from the claim above that 0,0, = @e(Te1Te2) = Pe(TeTe1 Te2)
is of order 3 if |7.17.2| = 6. This completes the proof of Proposition 1

4 Commutant subalgebras associated to the root lat-
tice E7

In this section, we will construct sub-VOAs of the lattice VOA V55 which will correspond
to dihedral subgroups of the Baby Monster. We will use the standard notation for lattice
VOAs as in [FLM]. Our construction is similar to the construction in [LYY1] in the case
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of the root lattice Eg and works in fact for any root lattice of type A,, D, or E,. We
start by describing our construction in general and then specialize to the case of the root

lattice of type E-.

4.1 Definition of the subalgebras

The algebras U(i). Let R be a root lattice of type A, (n > 1), D, (n > 4) or E,
(n=6,7,8) and let a, ..., ay, be a system of simple roots for R. We let ag be the root
such that —ag = >, m;«; is the highest root for the chosen simple roots. Note that
all m; are positive integers. We also set my = 1. For any ¢ = 0, ..., n, we consider the
sublattice L; of R generated by the roots o, 0 < j < n, 7 # 7. One observes that L; is
also of rank n and the quotient group R/L; is cyclic of order m; with generator «; + L;.

Thus one has

We denote by Ry,..., R, the indecomposable components of the lattice L; which are
again root lattices of type A,, D, or E,. Hence L; = Ry ® --- & R, where the direct
sum of lattices denotes the orthogonal sum. In fact, the Dynkin diagram of L; is obtained
from the affine Dynkin diagram of R by removing the node a; and the adjacent edges. We
recall here that the affine Dynkin diagram of R is the graph with vertex set {av, ..., a,}
and two nodes «; and «;, 0 <14, j < n, are joined by an edge if (a;, ;) = —1.

The decomposition (4.1) of the lattice R leads to the decomposition

m;—1

Viar = @ V\/i(mq:-i-Li)

r=0
of the lattice VOA V 5. We define a linear map p; : V 5, — V. 55 by

pi(u) = Cpu foru€Vig,, 1,  where ¢y, = e2mV=L/m (4.2)

Then p; is an element of Aut(V,55) of order m; and the fixed point sub-VOA V\%; is
exactly V 5 .
For a root lattice S we denote by ®(5) its root system. Then by [DLMN] the conformal

vector wg of V. 55 is given by

a€®P(R)

where h is the Coxeter number of R. Now define

] 2 1 7
WR = WRp+ —— eV, (4.3)
h + 2 h + 2 a€®(R)
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It is shown in [DLMN] that wg is a Virasoro vector of central charge 2n/(n + 3) if R
is of type A,, 1if R is of type D,, and 6/7, 7/10 and 1/2 if R is of type Es, E; and
FEy, respectively. From the irreducible decomposition L; = Ry & --- ® Ry, C R we have

sublattices R, of R and obtain a factorization

Associated to the root subsystems ®(R;) of ®(R), we also have simple Virasoro vectors

9 . 1
w
he +2 % 12

w?® :(;)RS =

Z eV ¢ Var, € Viars 1<s</, (4.5)
CME(I)(RS)

where wg, is the conformal vector of V, 5, and h, is the Coxeter number of R,. Tt follows
from the definition that the w® are mutually orthogonal simple Virasoro vectors in V. zp.
Consider

X" = Z eﬁﬂ, 1<r<m;—1,

Bera;+L;
(B,8)=2

in the weight two subspace of V 55. It is shown in Proposition 2.2 of [LYY1] that the
vectors X" are highest weight vectors for Vir(w!) ® - - - ® Vir(w*) with total weight 2.

Since all w?®, 1 < s </, are contained in the fixed point sub-VOA V\;%R, which has a
trivial weight one subspace, wr — (wl 4+ +w‘/) is a Virasoro vector of V. ar as discussed
at the beginning of chapter [3. We are interested in the commutant subalgebras defined
by

U(i) = Comy,_, (Vir(wgr — (W + -+ wh))
(4.6)
= kery,, (wr— @'+ jL“’Z))(o)
in the case of R = E;. (The case R = Ey is considered in [LYY1, LYY2].) It is clear
from the construction that U(i) has a Virasoro frame w' + --- + w’. We will consider
an embedding of U(i) into a larger VOA and then describe the commutant algebra U(7)
using the larger VOA.

It is clear that U(i) forms an extension of the tensor product Vir(w!) ® - ® Vir(w*)
and contains X", 1 <r < m;—1. We will see in Section 5/that we can embed U (%) into the
Moonshine VOA and therefore U (i) has a trivial weight one subspace. Consequently, the
weight two subspace of U(i) carries a structure of a commutative non-associative algebra
called the Griess algebra of U(7), even though V5, has a non-trivial weight one subspace.
Below we will explicitly describe the Griess algebra of U(i). Namely, we will see that the
Griess algebra of U(7) is given by

G(i) :=spanc{ w’, X" |1 <s</{, 1<r<m;—1}
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which is of dimension ¢ + m; — 1.
By definition, it is clear that @r and p;0r, where p; € Aut(V, 55) is defined as in (4.2),
are linear combinations of w® and X" and hence are contained in G(i) C U(i). We will

discuss the structure of the subalgebra generated by wr and p;wg.

The algebras V(i). Let in the following R = E7 and fix an embedding of R into FEg.
Let
Q(R) := Anng,(R) = {a € Eg | (o, R) = 0}. (4.7)

Then Q(E7) ~ A; and Q(R) & R forms a full rank sublattice of Es. Note that such an
embedding is unique up to an automorphism of FEg.

Recall that L; is the sublattice of R generated by roots a;, 7 # i. Then we have an
embedding of L; := Q(R) @ L; into Eg. Since L; is a full rank sublattice of R, L; is also
a full rank sublattice of Eg. Thus Eg/ L; is a finite abelian group whose order is 2m;. We
fix the corresponding embedding V, 57 C V 5,

We have the decomposition L; = Q(R) ® Ry & - - - & Ry into a sum of irreducible root
lattices, which gives rise to a factorization

Viai, = Vvaowr) © Viar, = Vvsow © Viar, @ @ Vigg, C Vg,

Let wgy be the conformal vector of V55 and let Wor) € Vipo(r) and w® € V, 55 be the
Virasoro vectors defined as in (4.3)) and (4.5)), respectively. Since wg, —(Dg(r)+w'+- - -+w")
is by the same argument as for U (i) a Virasoro vector of V5, we can define a commutant
subalgebra

V(i) = ComvﬁE8 (Vir(wg, — (@gry + ' + -+ +wb))). (4.8)

Remark 4.1. We note that Comy (;y(Vir(@gr))) coincides with U(4) by the definition of
commutant subalgebras. For, as we have orthogonal decompositions wg, = wg(r) + Wk,
wor) = (wo(r) — Bowmr) + Por) and wr = (wp — (W' + -+ +w')) + (W' + -+ + W), we
have Comy (;)(Vir(0gr))) C ComvﬁE8 (Vir(wg(ry)) = Viag. Since U(7) is the maximal
sub-VOA of Vg5, having w! +- - +w" as its conformal vector (cf. discussion in Section 3),
one has Comy ;) (Vir(@gr))) C U(i). On the other hand, it is clear from the definition of
V(i) that Vir(@gr)) ® U(i) C V(i) and hence U(i) C Comy ;) (Vir(@gr)))-

We finally set
F(i) :=={g € Aut(V 5p,) | g =1id on V 5; }. (4.9)

Then F () is canonically isomorphic to the group of characters of Eg/ L;. The subalgebra
V(i) of V g, is invariant under the action of F(i) since all Ggr), w', ..., w’ and the
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conformal vector wg, of V, 55 are clearly fixed by F(i). Note that the special Ising vector

1 1 )
€= WEg, = 1—6wE8 + 3—2 Z 6\/i c V\/iEg (410)

CMG(I)(Eg)

is contained in V(¢) (cf. [LYY1, LYY2]) and thus

{9¢lgeF@)} V(@)

Remark 4.2. Here is a brief explanation of the roles of the algebras V' (i), U(7) and G(i)
in this article. Later we will consider the commutant subalgebra VB? of the Moonshine
VOA V% Then the sub-VOA V(i) corresponds to the one generated by Ising vectors in
V% under a certain configuration, and the sub-VOA U (i) of V(i) describes the subspace
of V(i) contained in VB?. The structure of the Griess algebras G(i) would correspond to
those in Table 3 of [C] and one can easily relate G(i) with the Er-structure as in the case
of Eg [LYY1].

Remark 4.3. Recall that the central charge of the simple Virasoro vector @g is 7/10. We
will show in Section [5/ that there is indeed a nice correspondence between 2A-involutions
of the Baby Monster and simple ¢ = 7/10 Virasoro vectors of o-type in the subalgebra
VB? of V.

4.2 Explicit description of the subalgebras

In this subsection we study the case where R is a root lattice of type E7 in detail.

The affine Dynkin diagram of a root lattice of type E7 is the following graph:

oy

(4.11)

O _ O
(67} (03] (67) Q3 Oy (673 (07

We like to explain McKay’s correspondence [Mc] between the numerical labels m; of the
affine F; Dynkin diagram and the Baby Monster conjugacy classes 1A, 2B, 2C, 3A and
4B into which the product of two 2A-involutions of the Baby Monster falls as given by

2C
T (4.12)

1A 2B 3A 4B 3A 2B 1A

the following figure:

23



Note that the correspondence is not one-to-one but only up to diagram automorphism.

To specialize to this situation, we change our notation slightly and denote L; by L, x,
pi by pux, Li by Lux, F(i) by Fux, V(i) by Vamx), U(i) by Upux) and G(i) by Ganx),
respectively, where nX € {1A4,2B,2C,3A,4B} is the label of the corresponding node in
4.12). Explicitly, we have

Ly~ FE7, Ly~ A& Dg, Loc > A7, Lya~Ay®A;, Lip~ A A3 S Az, (4.13)

Remark 4.4. Apparently, there are two distinct nodes (up to the diagram automor-
phism) that have the same numerical label 2. Therefore, there is some ambiguity for the
assignment of the 2B and 2C' labels. However, the sublattice structure Lyp C Lo C L1a
justify our labeling. Note that Lo ~ A; does not contain a sublattice isometric to Lyp.
The above inclusions correspond to the power map (4B)? = 2B between conjugacy classes

of the Baby Monster, and with this rule, the assignment is uniquely determined.
Let & € Es be a root so that Q(E7) = Za ~ Ay and

1 )
G(—1)21 + = (eV? 4 ¢ V%)

) = w*(V24) = 1e

OOIH

is an Ising vector in V 505,y = V7,25
Structures of Vp(,x) and Up(,x). We determine the structures of Vg, x) and Up(,x).

1A case. In this case Li4 ~ A; @ F; and we know Vi) =~ Usa by [LYY2]. It follows
that Up1a) =~ L(7/10,0) (cf. Section[3.1). It is clear that the weight two subspace of Up(i4)

is one-dimensional.

2B case. In this case Log ~ A; ® A; & Dg and Eg/fng ~ 7o @ Zsy. Lete,..., e5 € R®
be such that (e;,€;) = 26;; for any 4, j € {1,...,8}. Then

8
V2Es = {Zaiei c R8 ‘ all a; € Z or all a; EZ+% and Zleaizo (mod 2)}

i=1

It is shown in [LYY?2] (see also [DLY2, FLM]) that

8
Vg, 2 Vi, K= {Zaiei e R® ‘ all a; € Z or all a; €Z+%}. (4.14)

i=1

By the same argument as in the monstrous 4A-case in [LYY2], we have VBep) =~ V; ,
where A = span,{—e; — €, %(61 e+ -+ e5)} ~ V2A,. Thus,

VBep) =~ VfA2 (4.15)
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There exists a Virasoro frame L(1/2,0) ® L(7/10,0) @ L(4/5,0) inside V', and the decom-

V2A2
position of V\;% 4, 8 @ module over the frame is computed in [KMY]. Here we note that

Vir(@ge,)) =~ L(12,0) is a member of the Virasoro frame and therefore from (loc. cit.)

we obtain

Up@p) =~ L(70,0)® L(¥5,0) @ L(7/0,3%)s) @ L(*5,7/5). (4.16)

By this decomposition, we see that the weight two subspace of Upgp) is 3-dimensional

and therefore coincides with Gp(2p).

Remark 4.5. By the same argument as in [DLY2], one can also show that
Upes) =~ L(1,0) @V, ® L(Y,1k) ® VZJ:/M/Q,

where (7, v) = 12.

2C case. In this case Loc ~ A; @ A; and Eg/ch ~ Z4. It is clear that Vpe is
isomorphic to the monstrous 4B-algebra Uyp discussed in [LYY2]. We know (cf. loc. cit.)
that

Usp =~ L(Y2,0) ®[L(7/10,0) ® L(7/10,0) & L(7/0,3k) @ L(7/10,3)]
(4.17)

@ L(12,2) @[L(T0,32) @ L(h0,0) © L(7/o,0) ® L(T/0,3/2)]
which gives
Up@oy) =~ L(710,0)® L(7/10,0) & L(7/10,3/2) ® L(7/10,%)2)- (4.18)

By this decomposition, we see that the weight two subspace of Upg(ac) is 2-dimensional

and coincides with Gpae).

3A case. In this case Lis ~ A; & Ay @ As and Eg/[:gA ~ Zg. It is clear that Vpsa is
isomorphic to the monstrous 6A-algebra Uss discussed in [LYY?2] (see also Appendix
and Wgg,) corresponds to the Ising vector w! € Uga in Appendix The commutant
subalgebra Up(3a) ~ Comy,, (Vir(w')) does not have a Virasoro frame which consists of
rational unitary Virasoro VOAs. Nevertheless, by [LYY2, Appendix B.3|, we have the
following decomposition:

Upay =~ W(s) @ W5(0,0) @ L(%5,%5)" @ Ws(0,4) @ L(%5,%)” @ Ws(0,8),
where we denoted the W(4/5) ~ L(4/5,0) & L(4/5,3)-modules as in [HLY] and Wg(0,0) ~

ComVﬂA5 (Vir(wa, —@a,)) is a Wg-algebra with central charge 5/4 and Ws(0,4), W5(0,8)
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are irreducible Ws(0, 0)-modules see [DLe, DLY3, LY'Y2] for detaﬂsﬁ The head characters
of Wg(0,0), Ws(0,4) and Wg(0,8) are computed in [LYY?2] and it follows that the weight
two subspace of Upza) is 4-dimensional. Therefore, the Griess algebra of Upz4) is equal

to Gp3a).

4B case. In this case, Lip ~ A1 ® A ® A3 @ A; and Eg/E4B ~ 7o ® Zy. With a
similar argument as in the monstrous 4A case of the Eg-observation in [LYY2] and the
Baby-monstrous 2B case, we have Vpyp) ~ V;{ , where N is a rank 3 lattice defined by
N = spang{—e; — €, 5(e1 + €+ -+ +€5), (€1 + -+ + €5 — g — €7 — €5)}. Here, the ¢,

1=1, ..., 8, are defined as in the 2B case and the Gram matrix of N is given by
4 -2 =2
—2 4 1 (4.19)
-2 1 4
Set

a=—€ —€, [=ect+eate, 7=¢+e+es.

Then (o, ) = 4, (6,8) = (v,7) = 6 and {«, 3,7} forms an orthogonal frame for N.
Moreover, we have
N=KU(+ K),

where K = Za & Z3 @® Zry and 6 = 5(e; + - -+ + es) = 5(—a + 3 + ). Thus, we have
Upup)y = ComVN+ (w+(\/§a))
~ L(,0)® [Vih @ Vi @ Vo Vg
& L YD) @ [Visia ® Vayinn @ Vagisp ® Viyyl
The commutant sub-VOA Upg4p) does not have a Virasoro frame which consists of rational

unitary Virasoro VOAs. Nevertheless, we see from the decomposition above that the

weight two subspace of Upsp) is 6-dimensional and therefore coincides with Gpp).

Remark 4.6. By Lemma 3.3 of [DLY1], we have
kerVﬁA3 (Wa, — @a,)0) ~ V\}%Z.

Since Lyp ~ A; @ Az @ As, we have another proof that Up4p) contains a full subalgebra

of the form
L(,0) @ Vi @ V£,

where (3, 3) = (y,7) =6.

2The labeling of irreducible Wg-modules in [LYY?2] is different from the one in [DLY3]. Here we adopt
the labeling used in [LYY2]. W5(0,0) in loc. cit. is called W(4/5) in the present paper.
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Subalgebras generated by f and f’ . Let

f=0p and f = p.xds,. (4.20)
By definition, it is clear that f and f’ are contained in the Griess subalgebra
Gpnx) =spang{ w’, X" |1<s</l, 1<r<n-1}

of UB(nX) . . .
Next, we will discuss Gp(,x) and the subalgebra generated by f and f’.

1A case. In this case L14 ~ E; and p14 is trivial. Thus f = f/, (f, f’) = 7/20 and f

generates Gp(14) and Up( 4).

2B case. In this case Log ~ A; @ Dg and ¢ = 2.

The mutually orthogonal simple Virasoro vectors w! and w? have the central charges
1/2 and 1, respectively, and X = X! is a highest weight vector for Vir(w!) ® Vir(w?) with
highest weight (1/2,3/). By a direct computation, one finds the following commutative

algebra structure on Gpp):

amb | W' W? X (a,b) |w' w? X
wl | 2wt %X w! i 0 0
w? 2w? %X w? % 0
X 128w! + 192w? X 64
One also finds that
1, 3, 1 L1, 3, 1 .. 3
J=gw t gt gt AUy AR AR R A T ;%
and that the algebra Gp(2p) is generated by fand f’. Set
4 2 1
U= Swl + ng — 2—0X and  w:= —32w! + 16w? — X.

Then wu is a simple ¢ = 4/5 Virasoro vector orthogonal to f and w is a highest weight

vector for Vir(f) ® Vir(u) with highest weight (3/5,7/5). By the fusion rules
L("ho,3/5) x L(Tho,%s) = L(7ho,0) + L("o,%s),
L(4s,7/s) x L(s,7/s) = L(45,0) + L(%s,7)s),

one sees that f' and f’ generate a subalgebra

L(70,0) ® L(*5,0) @ L(7/0,%5) @ L(*5,7/5)

which is equal to Up(2p). Note that the decomposition above is not a Z,-graded extension
of Vir(f) ® Vir(u) since ww = 768 f + 1568u — 24w.
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2C case. In this case Lo ~ A7 and £ = 1. Then w = w' is a Virasoro vector of central
charge 7/5 and X = X! is a highest weight vector for Vir(w) with highest weight 2. We

have the following commutative algebra structure on Gpgac):
W(I)X = QX, X(I)X = 7OX, (w,w) = 7/10, <X, X> = 70.

One verifies that
1 ~ 1 1

- 1 S
== —X "= —w—-——X "N = (.
[=gwt55X, [=gw—o:Xo (L)

Thus, the VOA generated by f and f’ is isomorphic to
Vir(f) @ Vir(f') = L(7ho,0) ® L(7/0,0).

In this case, Uy =~ L(7/10,0) ® L(7/10,0) & L(7/10,3/2) ® L(7/10,3/2) is not generated by f
and f.

3A case. In this case Ly >~ Ay @ As and ¢ = 2.

Then w! and w? are mutually orthogonal Virasoro vectors with central charges 4/5
and 5/4, respectively, and X7, j = 1, 2, are highest weight vectors for Vir(w!) ® Vir(w?)
with highest weight (2/3,4/3). We have the following commutative algebra structure on

GB(34):
amb| ' W X! X? (a,b) |w! w? X' X?Z
2 2 2
wl 2w1 0 gXl §X2 Cdl 5 O 0 0
4 4 5
(4)2 2w2 gXl §X2 w2 3 0 O
X1 12X2 75w + 96w? X! 0 45
X2 121 X2 0
One verifies that
r 1 1 2 2 1 1 1 2 i 1 1 2 2 CS 1 C?Tl 2 Fop 1
S R N ¢ R e — ol Bxt By —
F=qw tgo Xt [=ge e FgX =g

and checks again that f and f’ generate GB(34)-

4B case. In this case Lyp ~ A3® A3 Ay and { = 3.

One gets that w!, w? and w? are mutually orthogonal Virasoro vectors with central
charges 1, 1 and 1/2, respectively. The vectors X', X? and X? are highest weight vectors
for Vir(w!') ® Vir(w?) ® Vir(w?) with highest weight (3/1,3/s,15), (1,1,0) and (3/1,3/s, /),

respectively.

28



We also have the following commutative algebra structure on Gpp):

a(b wh oW W X! X? X3

wl 2wl 0 0 %Xl X2 %X?’

w? 202 0 %Xl X? %X?’

w3 2w® 1X1 0 1x3

X! 8X? 9X3 48(w! + w?) + 64w?
X2 72(w! + w?) 9x1

X3 8X?

(Who!) = (W, w?) =1/2, (W3 W) =1/4, (X' X3 =32, (X2 X?)=36.

One verifies that

3 03,1, 1 1 1
= P P S — X — X2 — X3

I=10% T T8¢ Tt Tat Tt G- L
.3 3 1 ¢ 2 ¢3 ’ 100°
r__ 21 22 -3 22 1 _4X2 _4X3

F'=109 T1o@ T3 t X TN Tt

In this case, the Griess algebra Gpp) is not generated by f and f’ . Denote by v the
nontrivial diagram automorphism of the affine E; diagram, that is, v is defined as: ag —
Qg — g, (1 — Q5 g, Qg = Qy — Qg, ag — ag and a7 — a7 on the diagram (4.11).
Since v2E; is doubly even, we have a splitting Aut(V 5,) =~ Homg(E7, C*) x Aut(Er7).
Then v canonically acts on Gpup) and we find that f and f” generate the fixed point
subalgebra
g;”(>4B) = spanc{w’ +w? W X1, X% X3}

Summarizing the computations above, we have the following table of values of inner
products between f and f’:

0

7 3 1 1 1 3 7

20 100 80 100 80 100 20

Remark 4.7. By the computations above, we find that the Griess subalgebra generated
by f and f' coincides with the fixed point subalgebra Qg’an) if nX = 2C and 4B.
These are the cases when the corresponding nodes are the fixed points of the diagram

automorphism v.
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5 The Baby Monster

In this section, we will discuss the properties of the commutant vertex operator subalgebra
VB" of the Moonshine VOA V. It is known that Aut(VB®) = B. We will show that there
exists a one-to-correspondence between 2A-involutions of B and simple ¢ = 7/10 Virasoro
vectors of o-type in VB,

Finally, we will discuss the embedding of Up,x) into VBY. The main idea is to embed
the root lattice E7 into Eg and view Up(,x) as a certain commutant subalgebra of the
lattice VOA V 5p, . Then we will show that the product of two o-involutions generated
by simple ¢ = 7/10 Virasoro vectors in Up(,x) exactly belong to the conjugacy class n.X
in B. By this procedure, we obtain a VOA description of the E; structure inside B.

The automorphism group of the Moonshine VOA V* is the Monster M [FLM]. Con-
sider the monstrous Griess algebra of dimension 196884 [C, G]. It is known that the
monstrous Griess algebra is naturally realized as the subspace of weight 2 of V# [FLM],
which we call the Griess algebra of V% and denote by G We will freely use the character
tables in [ATLAS], although no explicit proofs for their correctness have been published

up to now.

5.1 The Baby Monster vertex operator algebra VB!

The following one-to-one correspondence is crucial in the rest of this paper.

Theorem 5.1 ([C, Mil, Mal, H62]). The map which associates to an Ising vector of V*
its T-involution given in Theorem defines a bijection between the set of Ising vectors
of V% and the 2A-conjugacy class of the Monster Ml = Aut(V?).

First, Conway [C| showed that every 2A-element determines a so called axial vector of
the Griess algebra which is up to rescaling an Ising vector. Then Miyamoto [Mil] showed
that any Ising vector defines an involutive automorphism of a VOA. In the case of the
Moonshine VOA, this recovers the 2A-element [Mal]. In [H62], it was shown that this
correspondence is actually one-to-one as remarked in [Mil].

By Theorem 5.1, we see that the number of Ising vectors of V¥ equals the number of
2A-involutions of the Monster. As constructed in [FLM, Mi2], the Moonshine VOA V*
has a compact real form Vﬂg. The 196883-dimensional irreducible representation of M is
real [ATLAS]| and it follows that the Griess algebra structure of the weight 2 subspace
of Vﬂg is isomorphic to the monstrous Griess algebra over the real numbers considered
in [C, G]. It is shown in [C] that the number of Ising vectors in Vﬂg is not less than the
number of 2A-involutions of the Monster, and an Ising vector of Vﬂg is still an Ising vector
in the complex Moonshine VOA V% = C ®g Vﬂg. Therefore, there are no “complex” Ising

vectors in V# and we obtain the following.
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Proposition 5.2. Let Vﬂg be a compact real form of V¥ as in [FLM, Mi2]. Then every

Ising vector of V¥ is contained in Vﬂg.

Let us recall the Baby Monster VOA discussed in [H61, H62, H63, Y]|. We fix an Ising
vector e € V. The centralizer Cy(7,) is isomorphic to a 2-fold cover (7.) - B of the Baby
Monster B so that the commutant subalgebra

VB* := Comy:(Vir(e)) = kerys e(g) (5.1)

affords a natural action of the Baby Monster. Since all the Ising vectors of V# are mutually
conjugate, the VOA VB! is well-defined up to isomorphism. So we call VB the Baby
Monster VOA}:”. The Baby Monster VOA is a framed VOA and its structure as well as its
representation are studied in [H61, H62, Y]. It is proved in [H62] that the Baby Monster B
is the full automorphism group of VB?. (See also [Y] for another proof.)

As obtained in [C, MeN], the Cy(7.)-module G* decomposes as follows:

G = 1 @& 1 @ 4371 @ 96255 @ 96256
6(1) . 2 O 1/2 0 1/16 (52)
Te  +1 +1 +1 41 -1

The Ising vector e belongs to the first component in the above decomposition, in particular
it is contained in (G#)“m(7e),

By construction, the Griess algebra of VB! is of dimension 96256 and has the decom-
position VB% =1® 96255 as a B-module, where the principal module is spanned by the

conformal vector of VB" with central charge 47/2.

5.2 The {3,4}-transposition property

We fix a 2A-involution ¢ of B = Aut(VB?). Then Cg(t) = 2:(>E5(2)):2 (cf. [ATLAS]) and
the Griess algebra of VB* has the following decomposition into irreducibles as a Cg(t)-
module:

VB, =1 @ 1 @& 1938 @ 48620 ¢ 45696. (5.3)

By the decomposition above, the Griess algebra of the fixed point subalgebra (VB?)C=(*)
forms a 2-dimensional semisimple commutative algebra. Below we will argue that the
shorter Virasoro vector in (VB#)“®(®) has central charge ¢ = 7/10 and is of o-type. Then
we will prove that the correspondence between 2A-elements of B and simple ¢ = 7/10
Virasoro vectors of VB® of o-type is one-to-one.

3 Our VB is actually the even part of the shorter Moonshine module constructed in [Ho1] and it is
denoted by VB, in [Hé1].
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Let f be a derived ¢ = 7/10 Virasoro vector in Comy(Vir(e)) with respect to e. Let
U C V¥ be the corresponding sub-VOA isomorphic to Usy, that is, e + f is a Virasoro
frame of U. For an irreducible U-module M, we set the space of multiplicities by

HM = HomUQA (M, Vh)
and we have the decomposition
Vi= @ MoHy (5.4)
MelIrr(Uza)

The space H)s affords a natural action of the commutant subalgebra Comy:(U). The
Virasoro vectors e and f are mutually orthogonal and the subalgebra Vir(e) ® Vir(f)
forms a Virasoro frame of U isomorphic to L(1/,0) ® L(7/10,0). We adopt the labeling of
irreducible Uss-modules with respect to this frame.

Lemma 5.3. The top weight h(Hy;) and the dimension d(Hyy) of the top level of the
Comy (U)-modules Hyy are given by the following table:

M | U(0,0) | U(Ys,0), U(ths,7he) | U(0,3%5) | U(0,Y0), U(Vis,3/s0)*
hWHy) || 0 3/2 7/5 19/10 (5.5)
d(Hy) || 1 92432 1938 45696

Moreover, the dimension of the Griess algebra of the commutant subalgebra Comy:(U) =
HU(O,O) 15 48621.

Proof: For h € C and = € G* we set Gi[h] := {v € G' | zqyv = hv}. It is shown
in [Ho4] that G* forms a conformal 11-design® and one can use the Matsuo-Norton trace
formula obtained in [Mal] up to five compositions of adjoint actions of elements in G".
Let v € G be any Ising vector. Applying the formula, the following decomposition is
obtained in (loc. cit.):
g" = Gil2| @ Gi[0] ® Gi['/2] ® Gi['fae] 5.6
5.6
dimG:i2] =1, dimG4[0] = dim G4[6] = 96256, dim G2 [1] = 4371.
Let v € G* be a simple ¢ = 7/10 Virasoro vector. It is also calculated in (loc. cit.) by a

similar argument that
g" = Gi[2] ® Gi[0] @ GiPh] ® Giltho] @ GiPs] ® GilT/e] @ Gilsol,
dim Gi[2] = dim GiP3f] = 1, dim G:[0] = 51054, dim G7[1/10] = 47634, (5.7)

dim G [3/5] = 1938, dim Gi[7/16] = 4864, dim G[3/s0] = 91392.

40r, one can say the Moonshine VOA is of class S! as in [Mal].

32



This allows to compute the weights and dimensions of the top levels of Hy; for M =
U(0,0), U(t,0), U(0,3/5) and U(0,%/0) as in the Lemma. Since (5.6) and (5.7)) hold for
arbitrary Ising vectors u and simple ¢ = 7/10 Virasoro vectors v of V¥, it follows from the
conjugate relations (3.6), (3.7) and Lemma 3.1 that d(Hy/2,0)) = d(Hu(1/16,7/16)+) and
d(Hy0,1/10)) = d(Hy /16,3/80)% ). Then one obtains the table. 1

Recall the group homomorphism ¢, : Stab e (e) — Aut(Comys(Vir(e))) ~ B de-
fined in (3.11)). By the one-to-one correspondence in Theorem (5.1, we see Stab v (€) =
Cy(e) =~ (7.).B and therefore . is surjective.

By Lemma 3.1, Us4 contains three Ising vectors e, ¢’ and e”. As a derived Virasoro
vector, f is of o-type on the commutant Comy;(Vir(e)) by Lemma 3.6 and one has
0e(Ter) = pe(Ter) = 04 by Lemma [3.7.

Proposition 5.4. ¢ (7)) = @.(7er) = 0 defines a 2A-element of the Baby Monster.

Proof: Let us compute the trace of o; on the Griess algebra of Comy:(Vir(e)). As a
Vir(f) ® Comy (Us4)-module, we have the following decomposition:

Comy: (Vir(e)) = [0] ® Hy(o,0) D Bl ® Hua 2,0y @ [Y10] ® Huo,1/10) D [Bfs] @ Huro,3/5)-
By (3.8) and (5.5), we have
Trcom, , (Vir(e)),0f = dim Vir(f)s + dim(Hy00))2 — d(Hu(0,1/10)) + d(Hu(0,3/5))
= 1+ 48621 — 45696 + 1938 = 4864.

By [ATLAS], we see that oy = ¢.(7e) has to be a 2A-involution of the Baby Monster. 1

Remark 5.5. For the computation of Trcomvh(wr(e)haf, we only need to use the repre-
sentation theory of Us4 and the fact that V; forms a conformal 11-design. No information
about Aut(V*) nor Aut(VB?) is required for this part.

Lemma 5.6. o 'Cx(p.(7)) stabilizes the subset {e’,e"} of V.

Proof: Takeany g € ¢, Cg(pe(7e)). Since g7,g~* = 7,, for any Ising vector z, it suffices
to show g{7e, Ten}g™' = {7w, 7} by the one-to-one correspondence of Theorem [5.1. We
have 0. (g{7e/, Ter }g71) = ©e(9){@e(Te) }pe(9) ™' = {pe(7e)}. By Theorem 3.4 we know
Ter = ToTe. Since ker p, = (1), we get g{7e, 7er}g7' C 0. {pe(Te)}) = {Ter, TeTer} =
{Ter, Ter }. 1

Proposition 5.7. A derived ¢ = 7/10 Virasoro vector f of Comy:(Vir(e)) with respect
to e is fived by the centralizer of the 2A-involution o = @ (7o) of the Baby Monster.
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Proof: By Lemma 3.1, f has the expression

1 4
f= —ge - 5(6/ +€"). (5.8)
Therefore, f is fixed by the centralizer of . (7./) by Lemma5.6! 1

Remark 5.8. We can define a compact real form VBE% using the compact real form Vﬂg.
It follows from Proposition [5.2 that every derived ¢ = 7/10 Virasoro vector in VB is real,

since it is an R-linear combination of real Ising vectors by (5.8).

Now we establish the one-to-one correspondence between 2A-involutions of the Baby
Monster and derived ¢ = 7/10 Virasoro vectors of VB

Theorem 5.9. The map which associates a derived ¢ = 7/10 Virasoro vector to its o-
involution defines a bijection between the set of all derived ¢ = 7/10 Virasoro vectors of
Comy (Vir(e)) with respect to e and the 2A-conjugacy class of the Baby Monster B =
Aut(Comy(Vir(e))).

Proof: The map of the theorem is equivariant with respect to the natural action of
@e(Stabyyg ey (€)) on the derived vectors and the conjugation action of B on the set of its
2A-involutions, respectively.

The Uj4-algebra can be embedded into V% since Uyy C V\;%ES. Because the action of
Aut(V?) on the Ising vectors of V¥ is transitive by Theorem 5.1, we may assume that e is
contained in the chosen embedding of Us4. The vector f = wy,, —e is a derived ¢ = 7/10
Virasoro vector of Comy:(Vir(e)) with respect to e. The transitivity of the conjugation
action of B on the 2A-involutions shows the surjectivity of the map of the theorem.

For the injectivity, we fix a 2A-involution ¢ of B = Aut(Comy:(Vir(e))). By Propo-
sition any derived ¢ = 7/10 Virasoro vector f in Comy:(Vir(e)) such that of =t is
contained in (VB)%®_ We have seen in (5.3) that the fixed point subalgebra (VBY)Ce(®)
is spanned by two mutually orthogonal Virasoro vectors. Thus f is the unique shorter
Virasoro vector of (VB!)“=(®) of central charge 7/10. 1

Let t be a 2A-involution of the Baby Monster. By the arguments above we have
determined that the unique shorter Virasoro vector of (VB#)“®(®) has central charge 7/10.

Corollary 5.10. Every 2A-involution t of the Baby Monster B = Aut(VB?) uniquely
defines a simple ¢ = 7/10 Virasoro vector of the fized point subalgebra (VB

By Proposition 5.2, we can apply Proposition [3.11to the Moonshine VOA V*. It is
shown in Proposition [5.4 that the o-involutions associated to derived ¢ = 7/10 Virasoro
vectors of VB are in the 2A-conjugacy class of the Baby Monster. Therefore, we have
recovered the famous {3, 4}-transposition property of the Baby Monster from the view

point of vertex operator algebras.
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Corollary 5.11. The 2A involutions of the Baby Monster satisfy the {3,4}-transposition
property.

Remark 5.12. Although we used the character table to identify 2A-involutions of the
Baby Monster with o-involutions associated to derived ¢ = 7/10 Virasoro vectors in
Proposition 5.4, it is worth to note that the proof of Proposition [3.11] uses only the
theory of vertex operator algebras. Hence the result that the product of two o-involutions
associated to derived ¢ = 7/10 Virasoro vectors in VB? is bounded by 4 follows from the

theory of vertex operator algebras.

We finally show that every simple ¢ = 7/10 Virasoro vector in VB® of o-type is in fact
a derived vector with respect to e.

Theorem 5.13. The map which associates to a simple ¢ = 7/10 Virasoro vector of VB®
of o-type its o-involution defines a bijection between the set of simple ¢ = 7/10 Virasoro
vectors of VB® of o-type and the 2A-conjugacy class of the Baby Monster B = Aut(VB?).

Proof: We identify VB with the subalgebra Comy:(Vir(e)) of V% Let v be a simple
c = 7/10 Virasoro vector of VB® of o-type. Then, a possible eigenvalue of v(1y on the
Griess algebra of VB! is one of 2, 0, 3/5, 1/10 and 3/2 by Lemma 2.6. We set d,(h) :=
dim VB [h] N VBS for h € {0,3/5,1/10,3/}. Tt is shown in [Ho4] that the Griess algebra of
VB! forms a conformal 7-design® and we can apply the Matsuo-Norton trace formula in
[Mal] to compute the trace of the adjoint action on the Griess algebra of VB? for up to
three compositions. As a result, we find the following unique solution:

d,(0) = 48621, dy(35) = 1938, dy(Yho) = 45696, d,(3%) = 0.

The trace of the o-involution o, is equal to 1 + 48621 + 1938 — 45696 = 4864 and we
see that o, must belong to the 2A-conjugacy class of the Baby Monster by [ATLAS].
Therefore, every simple ¢ = 7/10 Virasoro vector of o-type defines a 2A-involution of the
Baby Monster.

It is easy to see that o, = go,g~! for any g € Aut(VBY), i.e., the assignment is
equivariant. Similar as discussed in the proof of Theorem/[5.9 it follows that the assignment
is surjective.

It remains to show the injectivity. The idea of the following argument is taken from
[H62]. Let v be a simple ¢ = 7/10 Virasoro vector of VB" of o-type. Then o, is a 2A-
element of the Baby Monster and there exists by Theorem a unique derived ¢ = 7/10
Virasoro vector f € (VB%)S*™) such that o, = o¢. We will prove that v = f.

°Tt is shown in [H63] that VBF is also of class S7 in the sense of Matsuo [Mal].
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Let V[B%g = X @ X~ be the eigenspace decomposition such that o acts by +1 on X*.
Then X = 10161938$48620 and X~ = 45696 as Cp(0s)-modules by (5.3)). It is clear
that v € XT and o, also acts by &1 on X*. For p € End(X ™) and k € Cg(0,), we define
*0 := kok™'. Then End(X ™) becomes a left Cy(c,)-module. Define y: X+ — End(X ™)
by p(a)r = apyx for a € X and v € X~. Then for k € Cg(oy) we have

p(ka)z = (ka)ayz = (ka)qy(kk™'z) = k (aqy(k™'2)) = kp(a)k ™'z = (*p)(a)z

so that p is a Cg(oy)-homomorphism. Let us consider the Cg(oy)-submodule p(X™).
As we will see explicitly in Section (5.3, the 1938 and 48620-dimensional components of
X7 act non-trivially on X~ via p. (See Remark [5.19 below.) The (1 4 1)-dimensional
component is spanned by the simple ¢ = 7/10 Virasoro vector f and the conformal vector
w of VB® and u(f) and pu(w) act on X~ by scalars 1/10 and 2, respectively. Therefore,
kerx+p =1 and p(X) =16 1938 @ 48620 as Cg(os)-modules. Since p(v) also acts by
1/10 on X~, we see that f — v € kerx+ u. Hence, v € (VB)“E(s) and it follows v = f
since f is the unique simple ¢ = 7/10 Virasoro vector in (VB!)“5(?s). This shows that the
association v +— ¢, is injective and we have established the desired bijection. 1

Corollary 5.14. Every simple ¢ = 7/10 Virasoro vector of Comy:(Vir(e)) of o-type is
also a derived Virasoro vector with respect to e € VO,

We have seen in Lemma (3.6 that a derived ¢ = 7/10 Virasoro vector is of o-type and
therefore both notions coincide in the case of VBE.

5.3 Embedding of Up(,x) into VB

Consider the FEg-lattice. We fix an embedding F; C Eg. Then Q(E7) = Anng,(E;) ~
Ay and we have a full rank sublattice Q(FE7) & E; ~ A; @ E7 of Eg. Since the index
[Es : Ay @ Er] is 2, we have a coset decomposition

EgIAIEBE7|_|<(5+A1€BE7)
with some 0 € Eg. Correspondingly, we obtain a decomposition

Viams = Vx/i(AlesEﬂ ® V\/§(5+A1@E7)-
Define n € Aut(V, z5,) by

n=id on Vigu,ep) n=-1 on Vigsiaee

Then 7 is clearly in F,, x, where F, x is the renamed object F (i) which is defined in (4.9).
Indeed, F, x is generated by n and p,x. Note that we can write down p,x in exponential
form

Pnx = exp(27r\/—_1'y?0))(/n) with suitable v"* € L .,
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which also defines an automorphism of V, 55 and fixes V 57  pointwisely.

Remark 5.15. Recall that @g(g,) defined as in (4.3) with Q(E7) ~ A, is an Ising vector
and Up(,x) equals the commutant subalgebra Comyy, . (Vir(@g(e.))) (cf. Remark [4.1).
Note also that p,x fixes gz,

Now let Uy = (é,0q(g,)) be the subalgebra generated by é (cf. (4.10) and @g(g,) and
Uy = pne(Ur). Then Uy ~ Uy ~ Uy and we also have

Vir(f) = Comy, (Vir(@g(g,))), and
Vir(pux f) = Comy, (Vir(pus(@o(e,)))) = Comp, (Vir(@g (e )-

Therefore, the simple ¢ = 7/10 Virasoro vectors f = wg, and f’ = Pnx f of Up(nx) are
derived Virasoro vectors with respect to wg(g,).

Proposition 5.16. For any nX = 1A, 2B, 2C, 3A, or 4B, the VOA Vp,x) can be
embedded into the Moonshine VOA V.

Proof: First, we will note that Vga) ~ Usa, Vo) = Uss, VBa) =~ Usa. Since it was
shown in [LM] that U, Usp and Ugy can be embedded into V¥, we have VBmx) C Ve if
nX = 1A, 2C, 3A. Moreover, Vp2p) ~ V\%AQ.
since V24, is clearly contained in the Leech lattice A.

Recall that the Leech lattice A is generated by elements of the form [CS, Chapter 4]
e; £e; with 4, j € Q, ieg — ey, and %eX, where e; = % (0,...,4,...,0), ex = > ey €
for X a vector in the Golay code Gay, and 2 = {1,...,24}. Thus, A contains a sublattice
isomorphic to N, for example, the sublattice generated by

Hence Vp(2p) is also contained in VA+ c Vs

1 1 1
—(4,07,—4,07,0%), —=(0%4,0",-4,07), —=(—2%0%2%0%0%).
V8 V8 V8

Here, we will arrange the coordinates such that (1%,0%, 14,0 0%, 0*) € Gyy. Therefore,

Vpup) =~ Vi is also contained in %3 1

Remark 5.17. In [GL1] (see also [GL2]), the possible configurations for a pair of v/2Eg
sublattices (M, N) in a rootless integral lattice have been determined. There are exactly
11 such configurations and 10 of them can be embedded into the Leech lattice. By using
these embeddings, one can also obtain explicit embeddings of U, x, nX = 1A4,2A,...,3C,
into V;F c V&

Theorem 5.18. Let e be an Ising vector in V5. Then for any nX = 1A, 2B, 2C, 3A,
or 4B, the VOA Upx) can be embedded into VB* = Comy:(Vir(e)). Moreover, o0
belongs to the class nX of B = Aut(VB?).
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Proof: By Proposition[5.16, we can embed Vp(,x) into VA, Since all Ising vectors of V*
are conjugate under the action of Aut(V*), we may identify Wq(E,) With e. Thus, we have

Upmx) = Comy,  (Vir(@ge,))) C Comy:(Vir(e)) = V"

as desired.
Set h := ojop. We will show that i belongs to the class nX of B. Recall that there

is an exact sequence
l — <7'e> - CM(Te) — Aut(VIB%”) ~B—1

with the projection map ¢, : Cyy(7.) — Aut(VBF). Let e! and e? be Ising vectors in VBnx)
such that @¢(7.1) = o7 and pe(7.2) = 0. Set g = Ta72. Then h = ¢.(g) and the inverse
image ¢_!((h)) has order 2n and is generated by 7. and g.

1A case: In this case, f = f" and hence h = 070 belongs to the class 1A.

2B case: In this case, Vp@p) ~ V\}% Ay Recall that V\% " has exactly 6 Ising vectors (cf.
IKMY, LSY]). The group generated by the corresponding 7-involutions is an elementary
abelian group of order 8, which is not 2A-pure in M since there exists a pair of mutually
orthogonal Ising vectors (cf. Lemma and Remark [3.10). Therefore, g = 7.17.2 has
order 2 and the group generated by 7, and g is a Klein’s 4-group, which is not 2A-pure in
M. By using [ATLAS], it is easy to show that h = ¢.(g) belongs to the conjugacy class
2B of B.

3A case: In this case, Vpi3a) ~ Usa and the group generated by 7, 7e,, 7, is a dihedral
group of order 12 and 7, is in the center. Thus, g = 7.17,2 has order 3 or 6. The group
generated by 7, and g is then a cyclic group of order 6 which is generated by a 6A-element
of M. By using [ATLAS], one can deduce that h = ¢.(g) belongs to the conjugacy class
3A of B.

4B case: In this case, 7., 7.1 and 7,2 generate a subgroup isomorphic to a direct product
of a cyclic group of order 2 and a dihedral group of order 8 with 7, in the center. By the

sublattice structure
Es O Ds® A3 DA @A @ Ay @ Ay ~ Lup,

it is clear that Uss C Vpup). Thus, e, €% generate a sub-VOA isomorphic to U4 and
g = TaT.2 belongs to the conjugacy class 4A of M. Hence, by using [ATLAS], one can
deduce that h = ¢.(g) belongs to the conjugacy class 4B of B.

2C case: In this case, Vppc) ~ Usp. The group generated by 7. and g is a cyclic group
of order 4, which is generated by a 4B-element of M. Now by using [ATLAS], one can
deduce that h = ¢.(g) belongs to the conjugacy class 2C of B. 1
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Remark 5.19. By Theorem [5.18, we can verify that the 1938 and 48620-dimensional
components of Xt discussed in the proof of Theorem [5.13/act on X~ non-trivially. Here
we recover the convention as in the proof of Theorem [5.13l The simple ¢ = 7/10 Virasoro
vector f acts on the 1938 and 48620-dimensional components by 3/5 and 0, respectively,
and acts on X~ by 1/10. Thanks to Theorem 5.18] we can identify f with fe Ub@p),
up to conjugacy. In the Griess algebra Gpup), f has a 2-dimensional eigenspace for
the eigenvalue 0, a 1-dimensional eigenspace for the eigenvalue 3/5 and a 1-dimensional
eigenspace for the eigenvalue 1/10. One can directly check that these eigenspaces act
non-trivially on the 1/10-eigenspace. Therefore, by the embedding in Theorem [5.18; we
see that the corresponding eigensubspaces of X act non-trivially on X .

A Appendix: The 6A-algebra

In this Appendix we describe the 6A-algebra Us, explicitly.

Let €, e! be Ising vectors of V% such that |7r.07.1| = 6. Then it is known [ATLAS]
that 7,071 belongs to the 6A-conjugacy class of the Monster.

Let Usy be the subalgebra generated by €° and e'. The subalgebra Ugy is called
the 6A-algebra for the Monster and its structure is well-studied in [LYY2]. The Griess
algebra of Ugy is 8-dimensional and its structure with respect to a specific linear basis
{whw? w3, X1 X2 X3 X4 X5} is as follows (cf. [LYY?2], see also [C]):

anb| o' W W XY X2 X3 X4 X°

w' 2wt 0 0 IXY 0 1x3 0 1X°

w? 20 0 2X' 2X? 0 2x 2X°

w? 203 X 4X? 2X3 2 2 X5

X! 8X2 9X3 8X14 10X° 72w + 60w? + 48w°
X? 12X4 10X° 75w? + 96w 10X!

X3 80w + 96w° 10X* 8X?

X1 12X2 9X3

X5 8X*

Thus, w?, i = 1, 2, 3, are mutually orthogonal Virasoro vectors. The non-trivial linear

pairings between these vectors are
(W wl)y =1/4, (w? w?) =2/5, (w3, w?) =5/8,
(X1 X®) = 36, (X2, X*1) =45, (X3, X3) = 40.
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The conformal vector of Ugy is given by w = w! + w? +w3. We can define a canonical
Zg-symmetry as follows.

C:wr— !, 1<i<3, Xjr—>e”j‘/j1/3Xj, 1< <5,
Lemma A.1. There are exactly seven Ising vectors in Uga, namely, w' and e/ = (7€°,
0 <7 <5, where

1 5 1 1
0 1 2 3 1 2 3 4 5
=—w+—w+-w+ X'+ X+ X+ X+ X).
CTRY TR Ty 32( )

Moreover, the inner products among these Ising vectors are

5/210,  ifi—j=+1 (mod 6),
(W, ety = — (e',e?y =< 13/21° ifi—j=42 (mod 6), (A.1)
1/32, ifi—j7=3 (mod 6).

By a straight forward computation, we see that w! € Ué}O’T‘zﬂ and we have the follow-
ing permutation representation

70 = (15)(24), o = (02)(35) (A.2)

on {e/ | 0 < j <5} C Uss. From this we also find that 7,071 coincides with ¢ on Uga.
We also calculate that

wh = e 4 —defyyet?, e =w + e —dwp et 0<i<5. (A.3)

Y

From this we also see that the subalgebra generated by {w!, e’, ™3} is isomorphic to the
2A-algebra Uy, discussed in Section [3.1. Therefore, by Theorem (3.4, we have

Tl Tei = Tei+3, TeiTei+3 = Tyl. (A4)
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