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Equation of Tangent Line

Recall the equation of the tangent line of a curve y = f(x) at the
point x = a.
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The general equation of the tangent line is
y = Ly(x) := f(a) + f'(a)(x — a).

That is the point-slope form of a line through the point (a, f(a))
with slope f'(a).



Linear Approximation
It follows from the geometric picture as well as the equation

m f(X) — f(a) _ f’(a)

xX—a X —a

which means that (X) f(a) ~ f'(a) or

f(x) =~ f(a) + f(a)(x — a) = Ly(x)

for x close to a. Thus L,(x) is a good approximation of f(x) for
X near a.

If we write x = a + Ax and let Ax be sufficiently small this
becomes f(a + Ax) — f(a) ~ f’(a)Ax. Writing also
Ay = Af := f(a+ Ax) — f(a) this becomes

Ay = Af ~ f'(a)Ax

In words: for small Ax the change Ay in y if one goes from x to
x + Ax is approximately equal to f'(a)Ax.



Visualization of Linear Approximation
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Example: a) Find the linear approximation of f(x) = /x at
x = 16.

b) Use it to approximate v/15.9.
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a) We have to compute the equation of the tangent line at x = 16.

d 1 _
f/(X) _ &X1/2 _ § 1/2
1

f'(16) = 316712 = 3 - = = ¢
(X) = f'(a)(x — a) + f(a)
=3(x—16)+ V16 =gx —2+4=gx+2

b) v/15.9 = £(15.9)
~L(15.9) = 3-15.0+2=3(16 — 1) +2 =4 — g5 = 3.
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Example: Estimate cos(7 + 0.01) — cos(7).

Solution:

Let f(x) = cos(x). Then we have to find Af = f(a+ Ax) — f(a)
for a = 7 and Ax = .01 (which is small).
Using linear approximation we have:

Af ~ f'(a) - Ax

_ —sin(%) .01 (since f'(x) = —sinx)
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Example: The radius of a sphere is increased from 10 cm to
10.1 cm. Estimate the change in volume.

Solution:

V=j3nr (volume of a sphere)
dv. d /(4 3\ 4 2 . o
dr—dr<3ﬂ'f>— 37r 3rc =4nr

dv
AV ~ — - Ar =41 . Ar

dr

1
= 47 -10% - (10.1 — 10) = 4007 - — = 407
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3

The volume of the sphere is increased by 407 cm”.



Example: The radius of a disk is measured to be 10 +.1 cm (error

estimate). Estimate the maximum error in the approximate area of
the disk.

Solution:
A=mr>  (area of a disk)
dA 4,
Ep —a(ﬂ'r ) =2mr
dA

AA~ — - Ar=27rr-Ar
dr

1
=210+ (£0.1) = £20m - 75 = £2n

The area of the disk has approximately a maximal error of 27 cm?.



Example: The dimensions of a rectangle are measured to be
10 £ 0.1 by 5+ 0.2 inches.

What is the approximate uncertainty in the area measured?
Solution: We have A= xy with x=10+0.1 and y =5+ 0.2.

We estimate the measurement error A, A with respect to the
variable x and the error A, A with respect to the variable y.

dA  d

&—d*X(XY):y
%—i(x ) =x
dy ~ a4y T
AXA%%-AX:)/-AX
dx
dA
AyA%E-Ay:x-Ay

The total estimated uncertainty is:
AA=ANA+AA=y -Ax+x-Ay
AA=5-(£1)+10 - (£.2) =+£.5++2.0=425

The uncertainty in the area is approximately of 2.5 inches?.



Differentials

Those are a the most murky objects in Calculus I. The way they
are usually defined in in calculus books is difficult to understand for
a Mathematician and maybe for students, too.

Remember that we have

Ay  dy
— ~ = = f(x).
Ax  dx (x)

The idea is to consider dy and dx as infinitesimal small numbers
such that % is not just an approximation but equals ’(a) and one

rewrites this as
dy = f/(x) - dx.

This obviously makes no sense since the only “infinitesimal small
number” which | know in calculus is O which gives the true but
useless equation 0 = f’(x) - 0 and the nonsense equation % = f'(x).



So the official explanation is that
dy = f/(x) - dx

describes the linear approximation for the tangent line to f(x) at
the point x which gives indeed this equation. Then dx and dy are
numbers satisfying this equation. One problem is that one does
not like to keep x fixed and f’(x) varies with x. But how to
understand the dependence of dx and dy on x?

The symbolic explanation is that
dy = f/(x) - dx

is an equation between the old variable x and the new variables dx
and dy but we never will plug in numbers for dx and dy.

Note that ?Ti = f’(x) makes sense with both interpretations for
dx # 0.

For applications (substitution in integrals) we will usually need the
second interpretation



Example: Express dx in terms of dy for the function y = e

Solution:
d
é = 2x
dy:eX2 - 2x - dx
1 1
dx = dy = e

e? . 2x T 2xy



