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Section 6.1 – Area between curves

Area below f (x): Red + Green

Area below g(x): Green

Let A = area of region between the curves y = f (x) and y = g(x)
over [a, b] (Red Area).

Assume f (x) ≥ g(x) on [a, b].

A︸︷︷︸
Red

=

∫ b

a
f (x) dx︸ ︷︷ ︸

Red + Green

−
∫ b

a
g(x) dx︸ ︷︷ ︸

Green

=

∫ b

a

(
f (x)− g(x)

)
dx

The calculation is usually simpler if you subtract the functions first.



Example: Find the area of the region trapped between the curves
y = x2 and y = 6− x .

Solution:

Intersection points: x2 = 6− x ⇔ x2 + x − 6 = 0 ⇔
(x + 3)(x − 2) = 0 ⇔ x = −3 or x = 2

Thus x runs from −3 to 2. Furthermore, we see 6− x ≥ x2 in that
range. Therefore:

A =

∫ 2

−3
(Top− Bottom) dx =

∫ 2

−3

(
(6− x)− x2

)
dx

=

(
6x − x2

2
− x3

3

) ∣∣∣∣2
−3

= (12− 2− 8

3
)− (−18− 9

2
+ 9)

=
125

6



The same method works if either f (x) or g(x) is negative or
g(x) ≥ f (x). In the later case integrate
|f (x)− g(x)| = g(x)− f (x).

Example: Find the area of the region trapped between y = −2x
and y = 6− x2. Just set up the integral.

Solution:

Intersection points: −2x = 6− x2 ⇔ x2 − 2x − 6 = 0 ⇔

x =
2±√4− 4 · (−6)

2
=

2±√28

2
= 1±

√
7

Thus x runs from 1−√7 to 1 +
√

7. Furthermore, we have
6− x2 ≥ −2x in that range. Therefore:

A =

∫ 1+
√

7

1−√7
(Top−Bottom) dx =

∫ 1+
√

7

1−√7

(
6− x2 − (−2x)

)
dx



Areas by horizontal slices

A = area of region between x = f (y) and x = g(y) over the
y -interval [a, b].

Assume g(y) ≤ f (y).

dA = area of thin horizontal slice of width dy

length · dy =
(
f (y)− g(y)

) · dy

A =

∫ b

a
da =

∫ b

a

(
f (y)− g(y)

) · dy

Same formula with y instead of x .



Example: Find the area of the region bounded by x = y2 − 4y and
the y -axis.

Solution:

Intersection between curve and y -axis:

x = y2 − 4y = 0 ⇔ y(y − 4) = 0 ⇔ y = 0 or y = 4.

Thus:∫ 4

0
|y2 − 4y | dy =

∫ 4

0
−(y2 − 4y) dy

= −y3

3
+ 4

y2

2

∣∣∣∣4
0

= −64

3
+ 2 · 16 =

32

3



Example: Find the area of the region between y = cos x and
y = cos(2x) over [0, 2

3π].

Solution:

We note that 0 and 2
3π are the two intersection points in [0, 2π).

A =

∫ 2
3
π

0

(
cos x − cos(2x)

)
dx =

(
sin x − sin(2x) · 1

2

) ∣∣∣∣ 2
3
π

0

= sin(
2

3
π)− 1

2
sin(2 · 2

3
π) =

√
3

2
− 1

2
(−
√

3

2
)

=
3
√

3

4



Section 6.2 – Volumes by Cross-Sections
Basic Problem: Determine the volume V of a solid like the one
below.

Let Ai = cross sectional area of the jth slice.

Vj = volume of the jth slice ≈ Aj ·∆h.

V =
n∑

j=1

Vj ≈
n∑

j=1

Aj ∆h

V = lim
∆h→0

n∑
j=1

Aj ∆h =

∫ b

a
A dh

Where A = A(h) is the cross-sectional area and h runs from a to b.



Theorem (Volume by Cross-Section Formula)

V =

∫ b

a
A(y) dy

where A(y) is the area of a cross-section perpendicular to the
y-axis.



Example: Find the volume of a cone of height H and radius R.

Solution:

The similar triangles give
r

y
=

R

H
or r =

R

H
y .

A(y) = area of circle of radius r

= πr2 = π

(
R

H
y

)2

= π
R2

H2
y2

V =

∫ H

0
A(y) dy =

∫ H

0
π

R2

H2
y2 dy

= π
R2

H2

y3

3

∣∣∣∣H
0

= π
R2

H2

H3

3
=

1

3
πR2H



If the cross-sections are perpendicular to the x-axis the formula is:

V =

∫ b

a
A(x) dx

where A(x) is the area of a cross-section.

Example: Find the volume of a solid whose base is a quarter disk
or radius 5 the xy -plane as shown and such that each cross section
perpendicular to the x-axis is a square.

Solution: y =
√

52 − x2 ⇔ x2 + y2 = 52, circle of radius 5.

Cross sectional area A(x) = y2 = 52 − x2.

V =

∫ 5

0
A(x) dx =

∫ 5

0

(
52 − x2

)
dx

=

(
25x − x3

3

) ∣∣∣∣5
0

= 24 · 5− 53

3
= 125 · 2

3
=

250

3
.



For some regions, the volume can be calculated in more than one
way using cross sections.
Example: Find the volume of the wedge

Solution: a) Using cross section perpendicular to x-axis:
Area of green triangle = 1

2 · 4 · 3 = 6.

V =

∫ 6

0
A(x) dx =

∫ 6

0
dx = 6x

∣∣∣∣6
0

= 36

Solution: b) Using cross section perpendicular to z-axis:

Area of red rectangle = 6 · h = 6 · 3
4 (4− z) = 9

2 (4− z).

V =
∫ 4

0 A(x) dx =
∫ 4

0
9
2 (4−z) dx = 9

2 (4z− 1
2z2)

∣∣4
0

= 9
2 (16−8) = 36


